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CONSTRUCTION OF LDPC CODES GENERATING MATRIX

Abstract. This paper presents a detailed analysis of the problem of constructing encoders for linear block codes, with a
special emphasis on low-density parity-check (LDPC) codes. The aim of this paper is to provide a comprehensive description of
the mathematical methods for the transition from the verification matrix to the efficient coding process. Both classical linear algebra
approaches and specialized methods for sparse matrices. Results. The fundamental algebraic constructions underlying the duality
between the generating and checking matrices over Galois fields, in particular GF (2), are considered. The classical Gaussian
exclusion method for systematic coding is analyzed in detail and its shortcomings in the context of LDPC codes, related to the fill-
in phenomenon and loss of sparsity, are revealed. The central place in the study is occupied by the Approximate Lower
Triangulation method proposed by Richardson and Urbanky, which allows achieving linear coding complexity. The article contains
a detailed description of matrix preprocessing algorithms, mathematical derivation of formulas for calculating parity bits, as well
as an analysis of quasicyclic constructions used in modern telecommunications standards (5G, Wi-Fi). Full numerical examples of
transformations for low-dimensional codes and a detailed analysis of the LDPC encoder architecture are given. Conclusion. The
solution was to abandon the explicit use of the generating matrix in favor of approximate triangulation methods of the check matrix
and the use of quasicyclic structures, which has become standard in 5G and Wi-Fi. The integration of algebraic-geometric methods

opens up new prospects for creating codes with specified properties.

Keywords: low-density parity-check codes; generator matrix; parity-check matrix; approximate lower triangulation;
quasi-cyclic LDPC; Gaussian elimination; linear encoding complexity.

Introduction

In the modern era of digital communications, data
transmission reliability is a critical requirement. From
fiber optic backbones to fifth-generation (5G) wireless
networks and satellite communications, channel coding
techniques are used everywhere to correct errors caused
by noise, interference, and signal attenuation. Among the
variety of error-correcting codes (ECC), Low-Density
Parity-Check (LDPC) codes occupy a special place [1, 2].

Proposed by Robert Gallagher in his doctoral
dissertation in 1960, LDPC codes remained "forgotten"
for a long time due to the lack of computing power
required for their decoding. Their "renaissance"” in the
1990s, following the discovery of turbo codes,
revolutionized information theory, as it was proven that
LDPC codes allow approaching the Shannon limit - the
theoretical maximum channel capacity — when using
iterative decoding algorithms (Belief Propagation) [3, 4].

However, despite the decoding efficiency, the
problem of encoding LDPC codes has long remained
non-trivial [5]. Classical linear block codes are defined
by a generating matrix G, multiplication by which
transforms the information vector u into a codeword c.
For LDPC codes, which are primarily defined by their
check matrix H (which describes the constraints, not the
method of generation), constructing the matrix G is a
mathematical challenge [6, 7]. Direct transformation of a
sparse matrix H into G usually results in a dense matrix
G, which has a quadratic coding complexity of O(n?) with
respect to the block length n. Given that modern
standards (e.g. DVB-S2) use blocks of length n=64800

bits, the quadratic complexity is unacceptable for high-
speed systems [8, 9].

The aim of this paper is to provide a comprehensive
description of the mathematical methods for the
transition from the verification matrix to the efficient
coding process. Both classical linear algebra approaches
and specialized methods for sparse matrices, in particular
the Richardson-Urbankey method, which is the de facto
standard in LDPC engineering, are considered.

1. Theoretical foundations
of linear block codes over GF (2)

For a deep understanding of the mechanisms of
matrix construction, it is necessary to turn to the
foundations of linear algebra over finite fields [10].

1.1. Vector spaces and subspaces

Binary linear block code C(n, k) is defined as k-
measure linear subspace of a vector space V,, = {0,1}"
over the Galois field GF(2). The code parameters have
the following interpretation [11]:

e n—codeword length (number of bits transmitted
in the channel);

e k — code dimension (number of information bits);

e r =mn—k — number of check characters
(redundancy).

In the field GF(2) all arithmetic operations are
performed modulo 2. Addition is equivalent to the logical
operation "exclusive OR" (XOR), and multiplication is
equivalent to the logical "AND". An important property
is that addition and subtraction in GF(2) are identical
operations:x + y = x-y [12].
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1.2. Dual definition of code: Image and Core

A linear code can be specified in two
complementary ways, each of which relies on a matrix
representation.

Generator Matrix. Code C can be considered as the
image of a linear mapping given by the matrix G of
dimension k X n. The rows of this matrix form the basis
of the code subspace. The process of encoding an
information vector u € {0,1}* is described by vector-
matrix multiplication:

c=1u-aG,

where ¢ € C — obtained codeword.

Since G has full rank k, this mapping is injective,
which guarantees the uniqueness of the codeword for
each message.

Parity-Check Matrix. Alternatively, the code C can
be defined as the kernel of a linear mapping given by the
matrix H of dimension r X n. This matrix describes the
system r linear equations that each vector in the space must
satisfy in order to be considered a valid codeword.
Membership condition of a vector ¢ to code C is written as:

c-HT =0.

Matrix H rows form the basis of the dual space C*,
which is the orthogonal complement of C.

1.3. Orthogonality condition

The fundamental connection between G and H
follows from the definition of the code. Since each row
of the matrix G is a valid codeword, it must satisfy the
parity checks specified by the matrix H. This means that
the dot product of any string G on any line H (transposed
column HT) is equal to zero. In matrix form, this
condition is written as:

G-H' = Okxrs

where 0., — zero matrix of the corresponding
dimension. This equation is the key to the algorithmic
construction of one matrix based on another.

2. Methods for constructing
the generator matrix

2.1. Algorithm for constructing the generating
matrix: Classical approach

In the general case, when we are dealing with an
arbitrary linear code (for example, a Hamming code or a
short-length BCH code), the transition from H to G is
carried out by reducing the matrix to a systematic form. This
process is based on the Gaussian elimination method [13].

Systematic code form. A code is called systematic
if, in each codeword, the information bits are located at
fixed positions (usually at the beginning) and the check
bits follow them (or vice versa). For the verification
matrix H a systematic form is the representation:

Hsys =[Pl Ll

where P —submatrix of dimension r X k; I,,_, (or I,.) —
unit matrix of dimension r x r.

If the original matrix H does not have this form, it
can be reduced to it using elementary row operations and
column permutations.

Mathematical derivation of G from Hj,,. Consider
the parity check equation for a systematic code. Let the
codeword be ¢ divided into an informational part u (of
length k) and the verification part p (of length r):

c=[ulpl
Equation H - ¢T = 0 takes the form:

[PlIT]-[Zi] = 0.

Performing block multiplication, we get:
P-ul+1,-p" =

In the field GF(2) addition is equal to subtraction,
S0 we can carry the addition:

pT =P -u’.
Transpose both sides of the equation to express the
row vector p:

p=C@-u")" =u-PT.
Now we can write down the complete codeword ¢
through the information vector u:

c=[ulpl=[ulu-P']=u-[|P"]

Since by definition ¢ = u -G, we obtain an
explicit expression for the systematic generating matrix:

Gsys = [Ik | PT]-

So, the construction algorithm consists in selecting
the submatrix P from a systematic form H and
transposing it to form the right-hand side G.

Example of construction for code above a field
GF (2) in dimension 3. Let's consider the construction of
matrices for a specific example according to the query
("code over field 2 in 3"). We interpret this as a length
code n = 3 over GF(2) with parameters (3,2).

Step 1: Defining the verification matrix H.

For the code (3,2) we have n =3,k =2,r = 1.
Parity check equation (sum of all bits is 0):

c1+cy+c3=0.
Matrix H has dimension of 1 X 3:
H=[1 1 1].

Step 2: Reduction to a systematic view.

Matrix H already looks like [P |1;], where
I; = [1]. Submatrix P = [1 1].

Step 3: Construction of G.

We use the formula G = [I, | PT]. Here k = 2,

then I, = [(1) (1)] Transposed matrix PT = [ﬂ

Let's combine them: ¢ = [é (1) 1
Verification:
1
r_ [0 1y [ |_q1+1y_7p0
¢ -1 =1y 1 4 h]_[l+1 = o}

The orthogonality condition is satisfied.

2.2. Specificity of LDPC codes: Density problem

LDPC codes are defined by the fact that their check
matrix H is sparse [14, 15]. This is a key property for the
efficiency of iterative decoding.
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However, using the Gaussian method to obtain Hy,
leads to a fill-in effect. As a result, the submatrix P (and
therefore G) becomes dense.

Implications for the coder:

e Quadratic complexity: Multiplication by a
dense matrix G requires 0(n?) operations. For n =~
64800 (DVB-S2) that's billions of operations per word.

e Memory requirements: Dense matrix storage G
requires significant resources.

Therefore, modern LDPC systems use coding
methods directly through a sparse matrix H [16].

2.3. Richardson-Urbanki Method: Linear LDPC
Coding

The Approximate Lower Triangulation (ALT) method
allows to minimize the complexity of coding [17, 18].

Structure Hy . The goal is to bring H by
permutations to the form:

(A B T
HALT - (C D E):

where the matrix T — sparse lower triangular matrix.

Algebraic derivation. Code word vector:

X = [ST'plrpZ]'

The system of equations breaks down into:

1. AsT + Bpl + Tpl =0;

2. csT+Dpl + Epf =0.

Parity finding algorithm:

1. Calculate p; from the equation

opl =z

where ¢ = D — E T~' B —gap matrix of size g X g;
z=ET'AsT - CsT.

2. Calculate p, by the method of
substitution through a triangular matrix T

TpY =-A(sT + BpT).

With a small gap size g coding complexity
approaches linear 0 (n).

inverse

2.4. Quasicyclic (QC-LDPC) codes: The modern
standard

The 5G NR, Wi-Fi 6 (802.11ax) and DVB-S2
standards use a special subclass of LDPC codes — Quasi-
Cyclic (QC) [5]. Check matrix H is built from an array of
circulants (cyclically shifted identity matrices). This
allows hardware-level encoding to be implemented using
linear feedback shift registers (LFSRs) with high
efficiency and minimal memory overhead.

Construction of a binary LDPC matrix. Let the
verification matrix H be given of size 6 x 12 over the
field GF(2).

1110 0 1 1 0 0 0 0O
1 00 1 10 110 0 0 O
g=(010011 0 1.1 0 0O
0 01 1 0O 0 01 1 0 Of
1 01 0 0O 0 001 10
010101 0 00 0 11

Pay attention to the right side of the matrix (last 6
columns). It has a characteristic "bidiagonal” structure:

(=
SO Rk O
(=N = =]
=m0 OO
OO0 OO
S OO O

0 0 0 0 1 1
This matrix corresponds to the block T in the
Richardson-Urbanki method (with g = 0).
Suppose we want to find parity p for vector s =
[1,0,1,0,1,0].
1. Calculate the syndrome y = H, - sT:
y = [0,0,1,1,0,0]".

2. Let's solve
substitution):

the system H,-p =y (back

P1=0,p1+p,=0=>p,=0,p,+p;=1=>p; =1,
P3+ps=1=p,=0,..

Result: p = [0,0,1,0,0,0]. Full codeword

c=[slpl]

Construction of a non-binary LDPC code based on
algebraic geometry (HEC). In addition to classical binary
codes, consider constructing a check matrix for a non-
binary code over the field GF(4), using the Jacobian
points of the hyperelliptic curve (HEC).

Construction parameters:

The code is built on a Galois field GF (22), elements
of which {0,1, a, a?} generated by a primitive polynomial
p(x) =x*+x+1.

Field properties: a? = a + 1,1 = a2,

Curve and matrix:Curve used:

Y+l tax+Dy=x"+x>+x+1

Verification matrix Hyz (Non-Binary) formed from
points on a curve:

0 0 0 1 1 «a
Hypg =11 a a> 0 a a a?|
o0 1 1 1 1 1 1

ALT encoding for GF (4): System of equations for
parity p over GF (4) requires the use of inverse elements
in the back substitution. Example of a solution fragment:
If a?2-p,=S5,, then p, =5, - (a®) 1 =S, a. This
demonstrates that the Richardson-Urbankey method is
successfully adapted for non-binary codes, providing
higher error correction efficiency.

3. Discussion of the results of applying
the proposed approaches to LDPC
code construction

The development of modern 6G technologies
requires further improvement not only in ensuring the
appropriate level of information transmission speed, but
also in ensuring security services [20-22]. For the first
time, this applies to security services - confidentiality,
integrity and authenticity [23-25].

Tables 1 and 2 show a comparison of the
characteristics of 5G and 6G technologies, as well as a
comparative analysis of the effectiveness of LDPC
codes.

The analysis of Tables 1 and 2 showed that the use
of LDPC codes is a promising area of research.
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Table 1 — Comparison of 5G and

6G characteristics

Ne Parameter 5G 6G

1 Data transfer rate From 0.1 Gbps to 20 Gbps From 1 Gbit/s to 1 Thit/s

2 Reliability Probability of error < 10-* Probability of error < 10~°

3 Delay Less than 5 ms Less than 100 ns

4 Localization accuracy Less than 10 cm in two dimensions Less than 1 cm in three dimensions
5 Cryptography support TLS/SSL TLS/SSL + new encryption models
6 Coding mechanisms Turbo, LDPC LDPC, Polar, Post-Quantum Coding
7 Al support Limited Built-in (Al-native)

Table 2 — Comparative analysis of the LDPC codes" efficiency

Decoding . - Transmissi . o
Code type difficulty Corrective ability on speed Resistance to attacks Suitability for 6G
. Medium . o
Hamming Low (up to 1-2 bits/block) High Low Limited
Reed-Solomon . . - . Used in narrow
(RS) High High for block errors Medium Medium channels
Turbo-codes High Very high Medium High Used in 4G/5G
. Very high (up to 40%
LDPC- codes Medium Vsehr;/n%’: I(iLrjnpitt)O High BER reduction during Optimal for 6G
channel attacks)
Used in 5G, promising
Polar- codes Medium High at low SNR High High for 6G in combination
with LDPC

In addition, works [26-28] proposed asymmetric
cryptosystems that provide the necessary level of security
in the post-quantum period (level 5-6 according to the
requirements of the NIST Competition for post-quantum
algorithms), and also integrated error control.

Work [29, 30] considered the issue of building
crypto-code constructions based on LDPC codes.

Table 3 presents a comparative analysis of the
characteristics of LT and LDPC codes.

smart technologies and mobile technologies, as well as
5-6G technologies [31, 32]

Table 4 shows the comparative characteristics of
wireless and mobile Internet technologies.

Thus, to ensure security in SCFS, it is proposed
to use post-quantum algorithms — crypto-code
constructions, which, unlike modern mechanisms of
security services (standards KNX, IEEE802.11h,
IEEE802.16e — use symmetric encryption algorithms)

The use of LDPC codes provides the possibility of  allow to provide the required level of crypto-
creating post-quantum cryptosystems that can be used in  resistance.
Table 3 — Comparative analysis of the LT and LDPC codes characteristics
Characteristic LT codes LDPC codes
Encoding type Stochastic, fountain codes Linear block codes
Code rate Dynamic, without fixed speed (adaptive) Predefined, fixed structure

The need for a return channel | No need

Used to achieve optimal performance

Computational complexity

Encoding: low; decoding: moderate

Encoding: complex; decoding: multi-step,
iterative

Broadcast support Complete, high efficiency

Limited implementation possibilities

High loss resilience

High — preserve data recoverability

Average — depends on the parity check matrix
parameters

Application in 6G systems

High suitability (scalability, flexibility)

High efficiency under stable channel conditions

Decoding method Iterative

Iterative

Code redundancy channel quality

Adjusts dynamically depending on

Fixed for a given code structure

Computational complexity O(KlogK)

From O(n) to O(n?), depending on the matrix
density
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Table 4 — Comparative characteristics of wireless and mobile Internet technologies

Providing security services Degree of il}fo.rmation
Technology confidentiality (i)
AC | A AN | AN A™ 11,0 075 |05 | 025 | 001
LTE (4G), LTE (5G) - - + —/+ —/+ - _ - _ _
IEEE 802.11 ac (WiFi 5) - - + —/+ —/+ - - — _ _
IEEE 802.11ax, Wi-Fi 6+KNX -+ | =+ + —/+ —/+ - - - + +
IEEE 802.16+KNX —/+ —/+ + —/+ —/+ — — _ + +
IEEE802.16m (WiMAX2) —/+ | =+ + —/+ —/+ - — _ + +
IEEE 802.15.1 Bluetooth 5+KNX —+ | -+ + —/+ —/+ - _ — + +
IEEE 802.15.4+KNX —/+ | =+ + —/+ —/+ - - - + +
Mobile technologies + CCC na EC (MEC) + + + +
Mobile technologies + HCCC na EC (MEC) + + + +
Mobile technologies + CCC uwa LDPC-kodax + — — + + +

AS AT AR AN AN security services ( AC — confidentiality, Al — integrity, A™ — accessibility, A™ — authenticity, A™ —
involvement); Bi— metric of the time and degree of information secrecy ratio (critical — 1,0; high — 0,75; medium - 0,5; low — 0,25;

very low —0,01).

In addition, crypto-code constructions on the
proposed LDPC, algebraic and/or algebro-geometric
codes allow to provide an integrated increase in the level
of reliability (due to their error correction properties),
efficiency (in terms of crypto-transformation speed, they
are compatible with symmetric cryptography algorithms)
and the required level of energy consumption, the results
of comparative studies are given in the works [33-35].

Conclusions

The construction of the generating matrix G from
the check matrix H is a fundamental problem in coding
theory. For classical codes, this is a trivial linear algebra
problem. However, for LDPC codes, the classical
approach is unacceptable due to the loss of sparsity. The
solution was to abandon the explicit use of G in favor

of approximate triangulation (ALT) methods of the H
matrix and the use of quasicyclic structures (QC-
LDPC), which has become standard in 5G and Wi-Fi.
The integration of algebraic-geometric methods (HEC)
opens up new prospects for creating codes with specified
properties.
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ITo6ynoBa nopomxyrouoi matpuui LDPC-koxnis
C. B. lynaes, C. B. MineBcokuii, O. C. Kymaepros, B. €. Cokon, O. B. Boiitko

AnoTanis. Y miif ctarTi MoJaHO AETaNbHUHN aHANI3 3a1a4i TOOYIOBH KOAEPIB AJIS JIiHITHUX OJIOKOBUX KOJIB i3 0COOIHBAM
aKIEHTOM Ha KOAM 3 HU3BKOIO IIiIBbHICTIO mepeBipok mapHocTi (LDPC). Meroro poboti € HagaHHS BCEOIYHOTO OMHCY
MaTeMaTHYHUX METO/IIB NEepexoay BiJ MmepeBipovYHOI MaTpHIl 10 eheKTHBHOTO MpoLecy KOAyBaHHs. PO3risaatoThes SK KIaCHYHI
i IXO1M JTiHIHHOT anreOpy, Tak i crewiaai3oBaHi METOAU Ul PO3PiIKeHUX MaTpuib. PedyabTaTn. Po3rmsinyTo GyHIaMeHTanbHi
anreOpaiuHi KOHCTPYKIIi, IO JIeXKATh B OCHOBI IyallbHOCTI Mi)K OPO/KYBaJILHOIO Ta MepeBipovHoIo MaTpuusimu Hax Galois fields,
3okpema GF(2). letansHO mpoaHali3oBaHO KJIACHYHHN METOJ I'ayCOBOTO BHKIIIOUEHHS Ul CHCTEMAaTHYHOTO KOJYBaHHS Ta
BUSIBJIEHO #Oro Hemosiku B koHTekcTi LDPC-koxiB, NmoB’s3aHi 3 siBuineM «3arnoBHeHHs» (fill-in) i BTpaToo po3pimkeHOCTI.
LentpanpHe Micie B IOCTIHKEHHI 3aiiMae MeTOJ HaONMKEHOI HIDKHBOI TpUAHTYJIAMIi, 3ampornoHoBanuii Tom Richardson ta
Riidiger Urbanke, skuii no3Boiisie AOCSTTH JiHIHHOI CKIQZHOCTI KoayBaHHSA. CTarTs MICTHTh JETAlbHHN OIHC aJlrOPUTMIB
morepeaHs0i 0OpOoOKM MaTpHilh, MaTeMaTHYHE BHBEACHHS (GOpMYyN Ui OOYUCICHHS OITiB MAapHOCTI, a TaKOX aHawi3
KBa3iLUKIIYHUX KOHCTPYKIIiH, [0 BUKOPUCTOBYIOThCS B Cy4aCHHX TENEKOMYHIKAI[IHHUX CTaHAapTax, Takux sk 5G ta Wi-Fi.
HaBezeHo 1MOBHI YHCIIOBI MPUKIIAIU HEPETBOPEHB ISl KOAIB MaJIOi pO3MIpHOCTI Ta AeTaibHUi aHani3 apxitektypu LDPC-koznepa.
BucHoBku. PiteHHAM cTaso BiIMOBICHHS Bijl SBHOTO BUKOPUCTAHHS MOPOXKYBAJILHOI MaTPHLI HAa KOPHCTh METOIB HAOIMKEHOT
TPUAHTYJIALIT TIePeBIpOYHOT MATPHI Ta 3aCTOCYBaHHS KBa3iLUKIIIUHUX CTPYKTYP, 110 cTano cranaaptom y 5G i Wi-Fi. Interpanis
anredpo-reoMeTPHYHNX METO/IIB BiIKPHBAE HOBI MEPCIICKTUBH AJIsI CTBOPSHHSI KOJIB i3 3aJaHUMU BIACTUBOCTSAMH.

KawuoBi cioBa: Koy 3 HU3bKOIO IIIUIBHICTIO MIEPEBIPOK MAPHOCTI; MOPOKYBaIbHA MAaTPHUIIS; IEPEBipOYHa MATPHULIS,
HaOJIIDKeHA HIDKHS TPHAHTYJList; kBasiuukiiuai LDPC; raycoBe BUKIIIOUCHHS; JIiHIHA CKIIaHICTD KOJyBaHHS.
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