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DEVELOPMENT OF A METHOD FOR ASSESSING THE ADEQUACY
OF A COMPUTER SYSTEM MODEL BASED ON PETRI NETS

Abstract. Topicality. The purpose of modeling any system using a Petri net is to study the behavior of the modeled system
based on the analysis of the defined properties of the Petri net. Therefore, it is necessary to develop a method for assessing
the adequacy of the model, based on the assessment of the degree of its correspondence to the behavior of the system. The
object of research is the behavior of a system model built using a Petri net. The subject of the research is the value of the
deviation of the simulated processes from the real values. The goal of the research is to develop a method for assessing the
adequacy of the description of the dynamics of the researched process in a model of a computer system based on Petri nets.
Results obtained. A mathematical model is built, which is determined by the number of system states. In the model, options
for the analysis of the state trace of the system are considered. Analysis of the adequacy of the synthesized model and its
refinement are carried out according to the developed iterative algorithm. The option of testing the hypothesis regarding the
Markov nature of the processes of changing system states is considered in detail. For this, appropriate statistical criteria are
proposed. Considered example of evaluation of a given path of states. To test the proposed method, a study of the management
algorithm of the metropolis's transport system was conducted. The simulation results practically coincided with the real
results. Conclusions. The developed method makes it possible to assess the adequacy of the model based on Petri nets with
accuracy to the entered assumptions. The method allows timely background history of dynamic processes and justify the
choice of its length. The method also allows reducing the possibility of an irrational increase in the size of the synthesized
model.
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Introduction

One of the main requirements for models is their
adequacy to real systems [1]. Adequacy is understood as
the ability to correctly predict various properties of
processes that correspond to reality [2]. The functioning
processes of a real computer traffic management system
cannot be described in detail and completely [3]. This is
due to the significant complexity of traffic processes [4].
Any model, due to its formalization, is adequate to the
real process only under certain conditions. Increasing the
degree of adequacy can be achieved through the use of
different levels of detail [5, 6]. These levels depend on
the characteristics of the structural and functional
organization of the system and the objectives of the
study. It is also necessary to take into account additional
factors that influence the process under study. In
addition, it is necessary to refine the model during system
design [7].

Analysis of literary sources. Questions of the
adequacy of computer system models are considered in
many works.

In the works [8, 9] the emphasis is placed on
reliability issues. Articles [10, 11] are focused on
modelling distributed systems. Articles [12, 13] discuss
models of specific systems. In [14, 15], fragments of data
warehouses are modelled. Work [16] is focused on
technological processes. Articles [17, 18] model smart
networks. Works [19, 20] are focused on issues of access
confidentiality. The article [21] discusses models of
processes occurring in social networks. Works [22, 23]
are focused on processes in 10T systems. Articles [24, 25]
model production processes. The works of [27, 28] are
focused on Al and learning issues.

However, all the reviewed works do not fully take
into account the features of Petri nets. The purpose of

modeling a system with a Petri net is to study the
behavior of the modeled system based on the analysis of
certain properties of Petri nets [28]. Finding a specific
property is formulated as a corresponding analysis
problem. Let us consider the most important properties
of Petri nets necessary for a complete analysis of systems
[29].

A Petri net is secure if all its positions are secure.

For modelling resource distribution systems, the
conservation property is important. In this case, the
markers in the positions of the Petri net can be interpreted
as resources, the quantity of which must remain
unchanged during operation.

A Petri net is called stable if all its transitions are
stable. The persistence property is important for detecting
conflicts between processes when the running of one
process affects another process.

Therefore, a method for assessing the adequacy of a
model is needed, based on assessing the degree of
compliance with the behaviour of the system. The purpose
of the article is to develop a method for assessing the
adequacy of describing the dynamics of the process under
study in a computer system model, based on Petri nets.

Theoretical research

It is assumed that the synthesized model of the
computer system has a tunable parameter: the number of
system states M. This parameter is determined by the
duration of the history D. The history is determined by
the number of transitions taken into account in the system
states. Using the hypothesis that the processes under
study are Markovian (D = 0) leads to obtaining the most
compact stochastic model, similar in its capabilities.
Considering the length of the history of the entire trace
leads to the most accurate, but overly cumbersome
tracing model.
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The upper limit of the possible number of system
states is calculated as

M*=Cck -DI=NV(N-D)!.

With a large number of analyzed events, the
possible number of system states increases rapidly with
increasing D. Thus, when modelling a set of programs, it
is necessary to solve the problem of choosing a specific
value for the duration of the taken into account prehistory
of the development of processes. In addition, it is
necessary to assess the reliability of the representation of
the system behaviour by the trace network model.

The upper limit of the possible number of system
states is calculated as: With a large number of analyzed
events, the possible number of system states increases
rapidly with increasing D. Thus, when modeling a set of
programs, it is necessary to solve the problem of
choosing a specific value for the duration of the taken
into account prehistory of the development of processes.
In addition, it is necessary to assess the reliability of the
representation of the system behavior by the trace
network model.

To solve the problem, as an initial assumption about
the nature of the analyzed process, we put forward a
hypothesis about the possibility of its representation by
an event graph. To do this, we use the set

o~ {50,599

of possible states of the system, which coincides with the
set T of registered events (D = 0).

Subsequent analysis of the adequacy of the
synthesized model and its refinement is proposed to be
carried out using the following iterative algorithm:

Step 1. Testing the hypothesis “The process of
system transitions according to states from SD is
Markovian.”

Step 2. The hypothesis is accepted - the end of the
algorithm. The hypothesis is rejected — go to point 3.

Step 3. Increase D by one.

Step 4. Determination of the set SD of new system
states determined by the history of the process.

Step 5. The dimension of the model exceeds the
specified limit - the end of the algorithm, otherwise — go
to step 1.

Despite the property of the absence of aftereffects,
the hypothesis about the Markovian behaviour of the
system cannot be reduced to the hypothesis of
randomness of the sequences of observed states of the
system.

For example, for the system model shown in Fig. 1,
the trace of its behaviour can look like:

3 = (So, Sz, So, S2, So, S1, So, S2, So, S1, So, S1, So, - --.)-

q 1-q

Fig. 1. An example of a behavioural model
of a system described by a Markov chain

Without applying any criterion, it is obvious that the
appearance of state s in the trace is not accidental.

Therefore, it is proposed to test the hypothesis about
the Markovian nature of the system transition processes
using the theoretical value of the probability of the
system reaching a certain selected state in 1, 2, ..., n steps.
This probability corresponds to the Markov model and is
compared with the experimental value of the frequency
of such events, which is calculated from the trace data.

Let the event graph of the network model be a
Markov chain without absorbing states. For this network

model, we determine the Pij(”) probability of the system

transitioning from the i-th to the j-th state in n steps
(n>1).
Let us introduce the generating function

Ri(s) =X RMs", |s|<1. 1)
n=0

If the Q = ||qij || is matrix of transition probabilities

of a Markov chain has dimension p, then, multiplying
both sides of the equality by sq, and summing over

i =1, p, we obtain the relation

Lz
S_Z iR (s) =
. i=1 1 (2)
= YR Vs" = Rgs)-RY,
n=0i=1
which defines systems of equations of the form
5 S (0)
R () -5 kiR (5) = R
i1 : ®)

k=1p, j=Lp.

The solutions of system (3) for fixed k and s are
functions of the form

Rj(s) =Gij(s)/ D(s) . @

Functions (4) can be expanded into simple fractions
[30]:

. i g
Rj(s) = , ()
/Hl—s-rﬂ

where r; is are non-zero characteristic numbers (or
eigenvalues) of the Q matrix of transition probabilities;
gi(j}“) is some coefficients.

Let h be an arbitrary left eigenvector of the Q
matrix, i.e.

hQ=rh. (6)

Then the sum of the elements of the vectors of the
left and right sides of the equality is equal to

o p PP p p
22 ma =2 =2 =3 . ()
j=1 =1

j=li=1 =1 =1
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Assuming that all h are positive,

determines the spectral radius of the Q matrix.
Therefore, all eigenvalues of the Q matrix satisfy

the inequality |r;|<1. Therefore,

r, =1

l - n.n
= , 8
1-s-1; g‘)s Z ®)
and from (5) it follows
(n) _ z g(i) n )

To find the values g(ﬂ) the coefficients, we use the
fact that

P
Pij(n+l) z g(/l) n+1 Zqik Pk(jn) _
k=1

(10)
P ()0 L, &
=24 kzg 0 zriqukgkj ,
k=1 =1 A=1
therefore,
(l) = Z%kgu) : (11)
On the other side,
P
Pij(n+1) z g(/1) n+1 Z qkj
k1 (12)
o P
=ZZg“)uqkj Z Y.
k=11=1 A=1 k=l
therefore,
9.(1/1) = z g(kl)chq (13)

In matrix form, expressions (11) and (13) can be
written as

cWQ=r,c"W, QcW =r,c"W. (@4

Thus, the columns of the G matrix are the right
eigenvectors of the Q matrix and are determined by r =r;

non-zero solutions xi(/l) of the system of equations

P2 _

2Ok —r X =0 i=1p, (15)
k=1

and the rows are left eigen vectors determined by non-

zero solutions y(’” of the system

P N
D WU -Tyj =0 j=Lp. (16)
k=1
Then, up to a constant factor ch.
gl(l) _ C(i)xi(l) ygﬂ) , (17)

and the direct value C*) can be found based on the
property of biorthonormality of the left and right
eigenvectors:

P
CA Y xPylh) —q (18)
k=1

Thus, using the considered method for Markov
models, theoretical values of probabilities Pij(”) can be

determined.
Based on the data of the observed trace of states of
a real system, the frequencies of transition of the system

from the i-th to the j-th state in k=1N steps are
calculated, represented by the matrix V; {v(k)}
In this case, the following condition is satisfied:
Zv(k) _ (k) . (19)
)]
Provided that,

A > 50

according to the Pearson agreement criterion [31], the
value can be taken as statistics characterizing the

deviation of experimental frequencies from the
corresponding theoretical values
2(\/-)—2[\/('() I(k) p(k)]
" G )R
20
o (20)
_z i(k)_
T )n(k) p(k)
Given the significance level o, the Markov

hypothesis about the behaviour of a system with the
number of states L is rejected when the value ;(ﬁ (V) is

exceeded. This value is distributed according to the chi-
square law with L-1 degrees of freedom corresponding
to the table value.

The Pearson goodness-of-fit test gives reliable
results only if the V; matrix row elements are
approximately equal [31]. It can only be applied when

theoretical Pij(k) =0 forall k.

To check the correspondence of experimental
frequencies to theoretical one’s at large values of L, the
information criterion can be used

R M (H )

JDHM)
a0 L (o
_Zn(k)' n.(k) -

statistical estimation of the entropy of an empirical
distribution;

Jec = (21)

where

M(H®) =h®) —(L-1)/n{ —
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expected value;

D(H®) =
1 [ oM m2m0_ )2
0] 2 B In (R [ | -
i =1

entropy dispersion of theoretical distribution;
L
hi(k) — _z P|J(k) . In(Plj(k)) .
=1

If the empirical frequency distribution coincides
with the expected one, the JC statistic is normally
distributed with zero mathematical expectation and unit
variance. In this case, for a given significance level a and
a quantile of the normalized Gaussian distribution uy_,, ,

the equality

Pel<up, . (22)

In addition, it should be taken into account that
pH ) =0

indicates the absence of stochasticity in the behavior of
the system. This condition may be fully consistent with
the chosen model.

The information criterion is almost as powerful as
the Pearson criterion. However, the probability of
rejecting a correct hypothesis for some types of
distributions is much lower.

Model evaluation example

Let us consider the state trace of a simple system
(Fig. 1), consisting of 48 observations. Let the trace be
described by transitions in three states:

S0+ S2 So» S21 So» Sty So» S14 Soy S25 So» S
So» S2+ S0» S2+ S0» S15 Sp» S15 Sps 25 Sps S
S0+ S2+ So» S21 Sp» S1s So» S1v Soy 525 Sp» S
S0 S2+ S0» S25 S S15 So» S15 S 24 Sps S1-

Let us accept the assumption that a model of system
behavior can be built without taking into account the
history of transitions. Then it can be described by a
Markov chain with a matrix of transition probabilities

0 qg 1-q
Q=(1 0 0 |,
10 0

where g for a given route will be equal to 0.5.

The theoretical values of the probability of a system
transition from the i-th to the j-th state in n steps are
determined by formula (9).

Non-zero eigenvalues r, of the matrix Q are found

from the equation
det(Q—-rl)=r(l-r)1+r)=0,
then, p=1wur,=-1.
Then the systems of equations necessary to
determine the coefficients gi(j]“)

p R
20k —r% =0, i=1lp,
k=1

p _
DV —Tr-Yj=0 j=Lp,
k=L

look like:
OXs + (1— )Xz —rx =0,

X —IX; =0,

X —IX3 =0;
Y2 +Y3— =0,
y1q-ry; =0,

y1(1-q)-ry3 =0.

Let a;,ay, by, b, is be some nonzero constants.

Then for r; a non-zero solution of the indicated systems
of equations of the form can be chosen

O _ 3O _x® g,

X
v =, yP by, v =b-q);
and for r, the non-zero solution is defined as

xl(z) =a,, ng) =-a,, xéz) =-a,, yl(z) =h,,

y§ =-byq, y§? =-by(1-1).
Since the coefficients gi(j;“) satisfy the equality

g) = CAIDYA)

)
where ch. > xl((’l) ylg’l) =1,

k=1
then the constant factors is equal:

c® =1/ (a),
c@ =1/(2a,h,).

Finally, the expressions for the theoretical
probabilities of the transition of the system model to the
zero, first and second states have the form:

1 D"
pm — =,
00 2 2
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1 ()"
p(n):__ ,
20 >

pm_9.9 )",
21 2+2( )
1-q 1-q n
pm == —",
2 =5 T (D

Let us set the maximum number N of analyzed state
changes equal to 5.

Then the experimental frequencies of the system’s
transition to the zero, first and second states are
determined, based on the analysis of the trace, by the

matrices V; {v(k)} where k =1 N , with the following

values:

0 12 12 11 0 0
23 0 0 0 4 7
Vo=/0 12 11}, ;=11 0 O0f,
22 0 O 0 4 7
0 12 10 10 0 0

12 0 0

8 4

V,={11 0 0

8 3

11 0 0

The number of states of the system L =3 is small
and g=0.5 assumes a uniform distribution law.
Therefore, as a statistic characterizing the deviation of
experimental frequencies from theoretical probability
values, we apply the Pearson criterion

R
Zn(vl) Z (k) P(k) -,

Zv(k) :

0))

We do not take into account zero probabilities, for
the significance level o= 0.1 and value ;(g‘_gy 2 =0.211.

Then the hypothesis about the Markovian transition
process of the system is rejected when analyzing the even

rows of the matrix V2 (;(,f (\/2(2)) =0.333).

Consequently, the accepted assumption about the
type of model is incorrect.

Accordingly, to adequately describe the dynamics
of the observed system, it is necessary to take into
account the prehistory of its transitions across selected
states.

The disadvantage of the considered method is a
certain complexity in obtaining expressions for

theoretical probabilities Pij(”) , especially if the number of

system states is quite large. In this case, as an alternative
to the analytical approach, the values of theoretical
probabilities can be obtained by the Monte Carlo method,

i.e. when simulating the behavior of the corresponding
Markov chain.

In this case, the problem of testing the hypothesis
about the correspondence of experimental and model
probability distributions can be solved on the basis of a
criterion of the form

22 (V) =
0 /0 off P

(k) (k)
% 0,0 !

where @ (k) — frequency of transition of the model from

the i-th to the j-th state for k =1, N steps,

Z (K) _

(0

To test the proposed method, a study of the
algorithm for managing the transport system of a
metropolis was carried out.

The algorithm was run 1000 times with different
initial data. The execution time of this algorithm was
considered as the parameter under study. The results of
the analysis are shown in Fig. 2.

f(ts)
1
0,9 4 ~
08/ ) i
0’7 14 == Simulation results
0,6 — Distribution density curve
05 - of the real algorithm

04 -
0,3 -
0,2
0,1
0 1
02 06 1

14 18 22 26 3 34 38 42 486

Fig. 2. Density distribution function of the execution time
of the metropolis transport system control algorithm

As can be seen from Fig. 2, the simulation results
practically coincided with the real results.

Conclusions

Thus, the developed method, based on the analysis
of processes described by models based on Petri nets,
allows us to assess their adequacy up to the introduced
assumptions. In addition, the method can identify cause-
and-effect relationships between system states, take into
account the background of ongoing processes and justify
the choice of its length.

The use of various criteria when testing hypotheses
about the correspondence of theoretical to experimental
probability distributions improves the quality of the
decision made. At the same time, the possibility of
irrationally increasing the dimension of the synthesized
model is reduced.

The proposed method is applicable to assess the
adequacy of a wide class of models, which are based on
a description of the process of changing the states of a
system by a Markov chain with absorbing states.
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Po3podka MeToay OLiHKH aIeKBATHOCTI Mo/IeJIi KOMI'IOTepHOi cucTeMH Ha ocHOBi Mepesx IleTpi
A.II. Hluman, H. I'. Kyuyk, I'. €. ®@inarosa, O. M. benbopin-Eppepa

AHoTanisi. AKTyaabHicTh. MeTol0 MoJientoBaHHs OyIb-KOi CUCTEMH 3a JOMOMOro Mepexi IleTpi € mocmimkeHHs
HOBEIHKN 3MOJIe/IbOBAHOI CUCTEMH Ha OCHOBI aHali3y BH3HA4YeHHX BiacthBocTel mepexi Ilerpi. ToMy HeoOXifxHO po3poOHTH
METOJ] OLIHKHM aJeKBaTHOCTI MOJeJ, 3aCHOBaHMiI Ha OLIHLI CTymeHs BiAnmoBigHOCTI ii moBemiHii cuctemMu. O6’€xkTOM
JIOCITIKEHHSI € TIOBE/iHKa MOZENI CUCTeMH, Mo0yA0BaHOI 3a gonoMoroio Mepexi [lerpi. IIpeaMeTroM mociiKeHHs € 3HAUCHHS
BiIXWJICHHS 3MOICTIbOBAHUX MPOIIECIB BiJl pealibHUX 3HaueHb. MeTa I0CaiIKeHHs: po3po0Ka METOy OI[IHKH aJeKBaTHOCTI OIHCY
JIMHAMIKU TOCIIKYBaHOTO TIPOIIECY B MOZENI KOMIT'IOTEPHOI CHCTEMH, sika 0azyeThest Ha Mepexi [lerpi. OTpuMani pe3yabTaTH.
[MoOGynoBaHa MaTeMaTHYHA MOJIETb, IKa BU3HAYAETHCSA KUTHKICTIO CTaHIB CHCTEMH. B MOJemi po3IIIsTHYTI BapiaHTH aHANI3y Tpacu
CTaHIB CHCTEMH. AHaNi3 aJeKBaTHOCTI CHHTE30BaHOI MopeNi Ta i yTOYHEHHS HPOBOJIATHCA 33 PO3POOIECHHM ITepaTHBHHM
anropuT™MoM. JleTanbHO pO3IIISIHYTHH BapiaHT MEpeBipKH TiMOTE3W IIOJ0 MapKiBCHKOIO XapakKTepy MpOLeciB 3MiHM CTaHIB
cucteMu. J{ys 1bOTO 3anpONOHOBAHI BiITOBIIHI CTATUCTUYHI KpuTepii. Po3risHyTHil mpukiag omiHKK 3a1aHoi Tpacu craHiB. s
HEPEeBIPKU  3alPOMOHOBAHOTO METONy OyJI0O MPOBEIEHO OCIHI/KEHHS AITOPHUTMY YHPABIIHHS TPAHCIOPTHOIO CHCTEMOIO
Meramnoiicy. Pe3yiabraTé MoIenroBaHHS NPAKTHYHO CIIBNANH 3 pealbHUMH pelyibraTamu. BucHoBkm. Po3pobieHuii meton
JI03BOJISIE OI[IHUTH aJIeKBAaTHICTH MOJIEI Ha OCHOBI Mepesk [1eTpi 3 TOUHICTIO 10 BBEICHNX AOIYIIEHUX. MeTox J03BOJISE BIACHO
MepeiCTOPIF0 JUHAMIYHUX MpOIeciB 1 oOIrpyHTyBaTH BHOIp ii MOBXWMHH. METOA TaKOX JMO3BOJISE 3HH3UTH MOJKIJIUBICTH
HepaIioHAILHOTO 301LTBIICHHS PO3Mipy CHHTE30BaHOT MOJIETII.

KnwouoBi caoBa: xoMn’1oTepHa cucteMa; Mepexa Ilerpi; Moaenb; aaeKBaTHICTh; MapKiBChbKHUIA IIPOLIEC; CTaH CUCTEMH;
CTaTHUCTUYHUN KPUTEPiii; KepyBaHHS TPAHCHOPTHOIO CHCTEMOIO.
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