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MULTI-CRITERIA EVALUATION
OF THE MULTIFACTOR STOCHASTIC SYSTEMS EFFECTIVENESS

Annotation. Subject of the research in the article is the evaluation of complex multifactor stochastic systems
functioning effectiveness according to a variety of correlated criteria. The problem actuality is determined by the fact
that an independent evaluation of system effectiveness for each of the mutually correlated criteria for the system under
consideration is not informative. In well-known works in the direction of multiple correlation, a relatively simple
problem of estimating the correlation between one resulting parameter and a set of influencing factors is considered,
which is not enough for the analysis and management of multicriteria systems. In addition, the known results do not
take into account possible significant differences in influencing factors mutual correlation values. Purpose of Work is
to develop a methodology for a comprehensive assessment of system effectiveness according to a variety of interrelated
criteria. Tasks to be Solved: splitting the set of system parameters into two subsets (parameters determining the
effectiveness of system and parameters affecting it), forming additive convolutions of parameters included in subsets,
developing a methodology for calculating the multiple correlation coefficient between the components of the selected
subsets, developing a method for differentiating a scalar function from a vector argument by this argument. Applied
Methods: nonlinear programming, multidimensional correlation analysis, method of differentiation of scalar functions
by vector argument. These methods are used for forming and calculating a multiple correlation coefficient between the
set of system effectiveness complex criterion components values and its control parameters set values. Results
Obtained: proposed methodology provides the possibility of solving the problems of system management, taking into
account the revealed relationship between the multi-criteria evaluation of system effectiveness and values of its
controlled parameters. At the same time, an important advantage of the obtained result lies in the possibility that arises
when using it to take into account the joint (group) influence of control variables on the complex criterion of system
efficiency. The developed technology of scalar functions differentiation by vector argument has great practical

importance which expands the arsenal of computational mathematics.
Keywords: multifactorial stochastic system; complex efficiency criterion; vector differentiation procedure.

Introduction, publications analysis

One of the methods widely used in the study of
multidimensional systems with interrelated parameters is
the calculation of multiple correlations [1-3]. This
method allows to estimate the measure of the relationship
between one of the random variables and many others.
The method is useful in evaluating a system of controlled
parameters (indicators), as well as in solving numerous
problems of evaluating the effectiveness of complex
systems, optimization, management, rational allocation of
resources, etc. At the same time, in particular, the task of
establishing a link between the performance indicators of
the system and the values of factors affecting it is of
considerable interest. Typical similar problems are
considered in [4-9]. Multiple correlation techniques
significantly extend the arsenal of computational methods
for systems analysis. However, the well-known
methodological works [10-12] do not consider some
fundamental features of a significant number of real
stochastic systems. In these works, the possibilities of
applying multiple correlation are limited to considering
the special case when the system is single-criteria. The
canonical works [13-15] in this direction do not take into
account the possible significant differences between the
correlation relationships of the factors that differently
affect the efficiency of the system. Finding the analytical
relationships that define these relationships is usually a
difficult task. A possible direction of its solution is to
identify statistical descriptions of correlations obtained
using appropriate technologies for processing real
observations of the system functioning process.

Materials and methods

We introduce xiz(xll,xlz,...,xlnl)— a set of
values of the system's performance indicators, and
Xy = (x21, X921 Xerus Xon, ) — a set of values of factors that

presumably affect the system's efficiency. We assume
that the random values of the vector components x; and

X, are pre-centered, that is
M[Xlil]:M[XZiz] =0, ih=1n, ipb=1Ln,. (1)

We introduce a covariance matrix K for the entire
set of observed random variables, which we represent
blockwise as follows:

k k-
K =( 11 K2 ]
kar koo

where kj; is the covariance matrix for the random
components of the vector xq,

ki =M [ x5, M55, ]) 1, M, ]

dim kll = nl X nl,

ki, — covariance matrix for components of vectors
X and X, ,

iz =M 1, ~ Dt ) 12, -, ]
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dimk12 =M XNy,
1 T _ .
k21 = klZ , dim kZl =Ny XNy,
ko, — covariance matrix for vector components x,,

ko2 =M 325, ~M D ]) s, ~M D ]

dim k22 = n2 Xn2.

Now, using column vectors of weighting
coefficients
a1 a1
82 a2
A= o Rg=
a1n1 aZn2

for wvectors x and x, we introduce additive

convolution
X11
U=A"x :(allalz...alnl) 2 )
™
X21
V=Rl = (321322---32n2) 2 )
X2n2

At the same time, taking into account (1)
M[U]=M[V]=0,

S0 M[AlTxl}zM[AQsz}:O.

Next, we determine the correlation coefficient
between U and V :

Kuv = M[A&TxlszAzJ = Ak Ay 3)

We will choose the vectors A and A, so that

the sums of the weighting coefficients used in the
formation of random vectors U and V are equal to
one, that is

Al =A"1;=1 @)
I, =(11..2), diml," =1xny,
1,7 =(11..1), diml," =1xn,.

Now set the task of finding vectors A and A,
maximizing (3) and satisfying constraints (4).

The resulting mathematical programming problem
will be solved by the method of indefinite Lagrange
multipliers [8]. The Lagrange function has the form

F(ALA)=

~ ATlgphy (ATl 1)y (A1, 1)

We differentiate the scalar function (5) by vector
arguments A;, A, and equate the results to zero. In this

case, the operation of differentiating a scalar function
from a vector argument by this argument is performed
as follows.

Let F(x) be ascalar function of the vector x. We
introduce an auxiliary function of the scalar argument t

F(xt)=F(x+ht), dimh=dimx.

It is clear that

F(x+ht)‘ =F(x).

Now we calculate

dF (x,t) _ dF(x+ht) B
dt |t=0  dt [t=0 ©)
_dF(x+ht) d(x+ht) _dF(x)
~d(x+ht)  dt  |t=0  dx
Thus, it turned out that the desired derivative
dF (x) . _ . .
o is a linear operator acting on a vector h in
X
relation (6).
Let's illustrate the technique of vector

differentiation with extremely simple example.
Example

Find aset x =(x, X, ) that minimizes the function
F (Xl' X2)= X12 + 2X22

and satisfies the constraint x; +x, =1.

We can solve this problem in the usual way using
the method of indefinite Lagrange multipliers. The
Lagrange function has the form of

F (X0, % ) = X2 +2%p2 = A (% + X, —1).

We differentiate F(x;,x;) by Xx,X; and equate
the results to zero.

IF00%) oy 49
Xm 1 ,

P (%) =4xy -1 =0.
dX2 2

From here we express x; and x, through 4. We
have an

We will find indefinite multiplier 4 using the
constraint.

X1+X2=%+ =—/1=1,

where from A=4/3.
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Then
. — A2 o — A1l
17273 243
Solution has been received. We will now solve this
problem using the vector differentiation procedure.
According to the task condition, let's introduce a vector

Xq . 10 .
X= , matrix A= and a unit vector
Xo 0 2

1
| :(J. Now the formulation of the problem in terms
of matrix theory has the form: find a vector x that

minimizes the function F(x)= x'Ax and satisfies the

constraint x'I =1. Use the method of indefinite

Lagrange multipliers.
The Lagrange function has the form

#(x) =x"Ax=2(x"1 -1},

In accordance with the introduced technology of
vector differentiation, we form an auxiliary function

#(x+ht) =
:(x+ht)T A(x+ht)—/1[(x+ht)T I —1} =
= (xT + hTt)A(x+ ht)—/l[(xT +hTt)~ I —1} =
= (x"A+hTAt) (x+ht)- 2(x"1 +hTI-1) =
=xTAx+xTAht+hT Axt + hT Ant? —
~2(x"1=n"ie-1),
We will find

dg(x+ht)
dt

- x'Ah+hTAx—AhTI =

—xTAh+xTAh—21Th :(2xTA—/1|T)h.

Hence, according to (6),

dF (x
_( )=2xTA_,1|T =0, xTAzl/llT.
dx 2
We will find the unknown multiplier 4 using the

constraint. We have

xTzl,uTA‘l,
2
=LA =1
2
where from
i1
20 TaAYy
Then
TaA-1
t 1TA
xl=—" @)
1TA L

Since
o [1 Ojl_ 1 (1)
0 2 0o =/
2
that
10
o (b3
X = 1 o2 - e
an 1) [ 1)()
0 14 2)\1
2
1

25(1 Ej:@ %j’

The resulting solution, of course, coincides with
the previous one.

The obvious usefulness of the introduced vector
differentiation  operation is as follows. The
computational scheme of the resulting matrix
representation using vector differentiation technology,
the final ratio (7) does not depend on the problem
dimension, while the complexity of the standard
solution increases with increasing vector x dimension.

Let's go back to the original problem. Let's
perform the introduced operation (6) on the function (5)
sequentially to calculate derivatives by vector
arguments Ajand A, .

In accordance with (5) we introduce

F(A+htA)]=
= (A +ht) kA —zl[(/sEL +ht)" |1—1}—

(A" 12 1) =

— (A" ")k —ﬂi[(AlTll +hTI1)—1}—
A (A2T|2 —1) =

=(A1Tk12A2 +th12A2t)—
—Ai(AlTll +hTly-1)- 2, (A2T|2 —1).
Now

dF [(AL N ht)T} ; :
_ = =h"k L T
o ‘t 0o 2R —Ah 1. (7)
Relation (7) describes a scalar. Therefore
T

hTkip Ap = 4h ™1y = (th12A2 —ﬂihTh) =

= Aykyp h— gl Th = (AszlzT —41|1T)h-
Hence, in accordance with (6), we have

P (A A) = Ak = Al ®)

dAy
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Equate (8) to zero and express AQT by 4, . We have

Apkip" = A1yt =0 )

To find, AT multiply (9) on the right by Kg, .
We will get

A" kep kip = AlyTkyp =0.

From here

A" = Al Ky (k12Tk12)

We will find an unknown indefinite multiplier A4;
using constraint (4). At the same time

-1
A1 =gl ke (k12Tk12) I, =1

From here
1
a = .
|1k12(k12 k12) I
Then
1 -1
Al = ) ‘|1Tk12(k12Tk12) . (10

kg2 (klszlz ) I

Similarly to the previous one, we define A. We

will perform the necessary operations without detailed
additions.

F :[(Az +ht)T,A1} = (A +ht) kpy A -

2 (A1)~ (A +ht) 1 1] =

T
= (kasAy ~ 2201 ) =
= Akp"h= 21, h =
=(A&Tk21T—/12|2T)h-

Then
dF (ALA) 1 T T
R N L k —Al," =0. 12
T A ko 2 (12)
Further
A ka1 Koy — Ap15 kg =0.
From here
-1
A" =215 ky (klek21) (13)
We will find 4,
-1
Al = 22|2Tk21(k21Tk21) I =1.
Then
Jp= L (14)

-1
T T
P k21(k21 I<21) Iy
From where, substituting (14) into (13), we get
T 1

= X

|2Tk21(k21Tk21) Iy

xl3"kyy (k21Tk21)_

Problem solution is completed.

(15)

= (AZT + hTt)k21Al —/Il(AlT Iy —1)— (11) Conclusions
_ T Ty ¢ 1) AT T _ 1. The obtained ratios (10) and (15) enable rational
AQ(AQ l2-+h7lat 1) Fo KarA+h ko At management in a complex system. The proposed
_ T _4\_ T T +_ approach allows us to determine to what extent the
/Il(Al h 1) A2 (A2 2 +h7 13t 1)' values of a set of control variables affect the values of
Let's perform differentiation (11) by A controlled variables that determine the system

2 efficiency.
T 2. These relations determine a new quality of
dF [(AZ +ht)’A1] —hTk —ahT, = assessment of the joint (group) influence of some
dt -0 A —Ah Tp = variables on others.
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BararokpurepiajbHa oninka edeKTUBHOCTI 6araTopaKkTOPHUX CTOXACTHYHUX CHCTEM
JI. T'. Packin, JI. B. Cyxommum, /1. 1. Coxonos, B. B. Bracenko

Anortanisi. Ilpexmerom mocauizkeHHs y crarTi € OIiHKa e(QEeKTUBHOCTI (YHKIIOHYBaHHS CKJIAJIHUX
0araTo(p)akTOPHAX CTOXACTHYHHUX CHCTEM 3a OaraTbmMa KOpPEIbOBAaHUMH KPHTEPIAMH. AKTYaJbHICTh MPO0JeMH BH3HAYAETHCS
THM, IO He3aJIe)KHa OIliHKa €(EeKTHBHOCTI CHCTEMH II0 KOKHOMY 3 B3a€MHO KOPEIBOBAHUX KPUTEPIiB AJS CHCTEMH, IO
po3rismaeTscs, MajoiHpopMaTHBHA. Y BiIOMHUX po0OTax 3a HAampSIMOM MHOXXHHHA KOPEIALisS PO3TIIAETHCS BiIHOCHO
MPOCTEe 3aBAAHHS OLIHKH KOPEJSAIIHHOTO 3B'S3Ky MDK OJHHM pPe3yJIbTYIOUHM IapaMeTpoM i1 Ha0opoM (akTopiB, IO
BIUTMBAIOTh, YOTO 3aa4ax aHallidy Ta YIpaBliHHSI OaraToKpHUTepialbHUX CHCTEM HeJoCTaTHbo. KpiMm Toro, BioMi pe3ynbraTtu
HE BPaxOBYIOTb MOJJIMBI CYTT€BI BiJMIHHOCTI 3Ha4YeHb B3aeMHOI Kopessuii (akTopiB, 0 BIIMBalOTh. MeTa pobdoTm —
po3po0Ka METOJMKM KOMILJICKCHOI OLIHKM e(eKTHBHOCTI CHUCTeMH 3 0e3iiui B3aeMo3aJexHUX KputepiiB. Po3B's3yBaHHs
3aa4: po30UTTs Oe3livi mapamMeTpiB CUCTEMH Ha JiBa IiAMHOXUHH (IapaMeTpH, 110 BH3HAYAIOTh €(EKTUBHICTH CHCTEMH, i
rapaMeTpH, 110 BIUIMBAIOTh Ha Hel), popMyBaHHS aJUTHBHUX 3rOPTOK IapaMeTpiB, IO BXOJATh 10 MiAMHOXXHHH, pO3pOOKa
METOIUKH PO3paxyHKy KoedilieHTa MHOKHHHOT KOPETSIii Mi>k KOMIOHEHTaMH BUAICHUX MiAMHOXXHH, pO3p0OOKa METOy Bill
BEKTOPHOTO apryMeHTy 3 LbOr0 apryMeHTy. MeToaM, 0 3aCTOCOBYIOThCSI: HeEliHiliHEe MporpaMyBaHHs, OaraToBUMipHHMIt
KOpeNsiiHmiA aHami3, MeToh Au(EepeHIIOBaHHSA CKaIIpHUX (YHKOIA 3a BEKTOpHHUM aprymeHtoMm. Lli wmeromm
BUKOPHCTOBYIOTBCSL Ul (OPMYBaHHS Ta PO3PaxyHKYy MHOXXKHHHOTO Koe(illieHTa KOpemslii MiX CyKYIHICTIO 3Ha4eHb
KOMITOHEHTIB KOMIUIEKCHOTO KpHUTepito e(eKkTUBHOCTI (PyHKIIOHYBaHHS CHCTEMH Ta 3HAUYSHHSAMH HaOopy 11 Kepyrouux
napametpis. OTpuMaHi pe3yJbTaTH: 3aNPONOHOBaHA METOJHMKA 3a0e3leuye MOXKIIMBICTh BHUPILICHHS 3aBJaHb YIPaBIiHHS
CHCTEMOIO 3 ypaxyBaHHSM B3a€MO3B'SI3KY, 1[0 BHSBISIETBCS MK OaraTOKpUTEpiaibHOIO OLIHKOI e(EeKTHBHOCTI CHCTEMH i
3HAYeHHSIMHU KepoBaHMX 11 mapamerpis. IIpu 1[bOMYy BaKJIMBa IepeBara OTPHMAHOTO Pe3yJbTaTy HOJATa€E B MOXKJIMBOCTI, IO
BHHUKAE MIPH HOTO BUKOPUCTAHHI, 00JIIKY CHUIBHOTO (TPYNOBOTO) BIUIUBY YIPABISIOYNX 3MiHHUX Ha KOMIUICKCHHN KpUTEpil
e(heKTUBHOCTI CUCTeMH. Benmke mpakTHYHE 3HAYECHHS Mae po3poOieHa TEXHOIOTISA NH(epeHIFOBaHHS CKaIIpHUX (QYHKIIN
3a BEKTOPHUM apryMEHTOM, 10 PO3IINPIOE apceHal 00UHCITIOBAIbHOT MaTEMaTHKH.

KawuyoBi caoBa: OaratopakropHa CTOXacTWYHAa CHCTEMa; KOMIUIEKCHHMH KpHUTepiii e(eKTHBHOCTI; Iporenypa
BEKTOPHOTO JIH(EePEHIIIIOBAHHSI.
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