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PARAMETRIC SYNTHESIS OF AN ELECTRO-HYDRAULIC EXECUTIVE DEVICE

OF ADIGITAL SYSTEM OF AUTOMATIC CONTROL OF A MOVING OBJECT

Abstract. Most modern moving objects, including military moving objects, are equipped with guidance and stabilization
systems with electro-hydraulic executive devices. Intercontinental ballistic missiles, space vehicles, aircraft, the main
armament of tanks and ships have high-precision digital guidance and stabilization systems with electro-hydraulic actuators
with potentiometric feedback, capable of ensuring high accuracy of stabilization of a moving object in a given direction. The
work is devoted to the development of a methodology for selecting the value of the feedback channel amplification coefficient,
which provides the maximum margin of stability and the maximum speed of the closed digital system of guidance and
stabilization of a moving object. The proposed technique is based on the application of a discrete-continuous mathematical
model of a closed digital system of guidance and stabilization of a moving object, which contains ordinary differential
equations for describing the disturbed motion of the continuous part of the stabilized object, as well as difference equations for
describing a discrete stabilizer. To construct the characteristic equation of a closed discrete system, the mathematical model
is reduced to a system of difference equations using matrix series. At the same time, the number of considered members of
the matrix series depends on the value of the quantization period of the digital stabilizer, therefore, in addition to determining
the amplification coefficient of the feedback channel of the executive device, the proposed technique also includes the
determination of the value of the quantization period of the digital stabilizer.

Keywords: guidance and stabilization system of a moving object; electrohydraulic executive device; quantization period

of the digital stabilizer; margin of stability and speed of the closed-loop system.

Introduction

Problem statement. Electro-hydraulic actuators or
electro-hydraulic amplifiers (EHA) are widely used in
automatic control systems for moving objects and,
above all, for military purposes objects. Guidance and
stabilization systems for aircraft, missiles, spacecraft,
ship and tank guns usually contain EHA, which make it
possible to provide the required stability margin, high
speed and accuracy of guidance and stabilization of
these objects. The creation of high-precision systems of
armaments and military equipment has led to the mass
transition of automatic control systems for military
facilities to a digital construction principle, which
makes it possible to implement complex non-linear and
non-stationary control algorithms that ensure high
quality indicators of these types of armaments. The
purpose of this work is to select the variable parameters
of a digitally controlled EHA that provide high accuracy
in processing control signals generated by an on-board
digital computer (OBCM).

Main material

Mathematical model of the perturbed motion of the
EHA. As an example, let us consider a schematic
diagram of an EHA of a ballistic missile guidance and
stabilization system that ensures turn of the combustion
chamber of a liquid-propellant jet engine (LRE) [1, 2],
shown in Fig. 1. The inputs of the onboard computer
1 receive signals from the outputs of the inertial sensors
of angles, angular velocities and accelerometers that
measure linear accelerations relative to the main central
axes of inertia of the rocket, as well as signals from the
outputs of the feedback potentiometers 14. The analog-
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Fig. 1. Schematic diagram of an EHA of a ballistic
missile guidance and stabilization system

to-code converter converts the onboard computer input
signals into lattice functions, on the basis of which the
guidance and stabilization algorithm is formed in the

form of a lattice function uy [nT ], which is converted

by the code-to-analog converter into a continuous
voltage function uy (t) supplied to the electromagnet

input 2 which contain control windings 3 and 4, rocker
arm 5 and fixing spring 6 holding rocker arm 5 in the
neutral position at zero signals to windings 3 and 4. If

the lattice function ug [nT] is positive, then a positive
signal ug (t) goes to winding 3, and if the function
uy [nT] is negative, then a positive signal uy (t) goes

to winding 4. In the first In this case, the rocker arm 5
rotates by a positive angle A(t) (counterclockwise),

and in the second case, by a negative angle A(t)
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(clockwise). The instantaneous value of the current in
any of the control windings 3 or 4 is determined by
solving the differential equation

800

Y gt +ri(t)=ug (1), )
where L, is the inductance of the control winding; ry, —

active resistance of the control winding; us (t) is the

signal at the output of the code-analogue converter
corresponding to the lattice function

ug [nT]=G[nT]-k s5[nT], 2
where G[nT] is the lattice function that determines the

stabilization algorithm; k s6[nT] — lattice function of

the feedback EHA by the angle of turn of the LRE
combustion chamber.

When the rocker arm 5 is rotated by a positive angle
B(t), the needle 7 slightly opens the calibrated hole 9,
and the needle 8 covers the calibrated hole 10. The
pressure created by the hydraulic pump 11 decreases in
the upper cavity of the hydraulic power cylinder 12, and
increases in the lower cavity, causing the piston 13 to
move up. The turn of the rocker arm 5 is described by
the differential equation

dzﬂ(t)+ 4B()
dt? dt

and the displacement of the piston of the power
hydraulic cylinder s(t) is associated with the turn of

the rocker arm 5 through the angle A(t) by the
dependence

+cp(t) =kgi(t), )]

Ik

ds(t) _
5~ keA ). )

here Iy is the moment of inertia of the rocker arm; f

is the coefficient of fluid friction along the axis of the
rocker arm; ¢ — stiffness coefficient.

And finally, the angle of turn of the LRE
combustion chamber &(t) is related to the moving of

the piston s(t) by the formula

5(t)=kes(t). ®)
From relations (4) and (5) we have
do(t) _
?—kpksﬂ(t)- (6)

We write differential equations (1) and (3) in the
form

7, 200 =y () o

d?(t) _ dA(t K .
W dtZ()+T2 dt)+ﬂ(t):Tﬂ'(t)' ©

where the following notation is accepted

L |
T, =—2; k —i; T2 =K, Tzzl.
ry ry c c

Differential equations (6)—(8) together represent a
mathematical model of the continuous part of the EHA.
The mathematical model of the discrete part of the EHA

can be obtained from relation (2), if we put G[nT]=0
in the latter. As a result, we have
ug [nT]=-k55[nT]. 9)

We write the mathematical models of the
continuous and discrete parts of the EHA in normal form,
for which we introduce the state vector of the EHA

x(t) | ]i(t)

x| [B(1)], 4
O e | s VOO
X (t)] [5(t)
As a result, we have
dx;_t(t):_%x (t)+k—Zuz (t);
dxzt(t): (0) (10)
dxg(t) 1 T, k _
i ——Exz(t)—¥x3(t)+éxl(t),
dx;—t(t):kpksxz(t).

We write system (10) in the vector-matrix form
X(t)=A-X(t)+B-U(t), (11)

where the matrices A and B are written as

0 0 o kT
T, Ky
oo 1o Ty
| kg 1 T, B0
—3 "3 2 0 0
S P P .
0 ke, O O] L~

Let us write a difference equation connecting the
initial state of the continuous part of the system X [kT ]
with its final state X [(k+1)T ] at each discreteness
period [3]

X[(k+1)T]=@-X[KT]+H-U[KT],  (12)
where the matrices ® and H are determined by the
formulas:

<D=§%AiTi; (13)
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_ zl: | |+1:|B ) (14)

The number of terms of the matrix series (13) and
(14) taken into account depends on the value of the
discreteness period T . Usually, when using modern
onboard computers with a small quantization period, it
is assumed with sufficient accuracy

O=E+A-T; (15)
H=B-T. (16)
We write relation (9) in the vector-matrix form
U[KT]=K-X[KkT], an
where the Kravna matrix is equal to
K=[O 00 k5]. (18)

Let us substitute relation (17) into difference
equation (12). As a result, we obtain the difference EHA
equation with digital feedback

X[(k+1)T|=[®+H-K]-X[KT]. (19)

Let us write the characteristic equation of the EHA [3]
det[®@+H-K-E-z]=0. (20)

Substituting matrices (15), (16), and (18) into
equation (20), we obtain

(1-2)-1 o 0 ks
Ty Ty
y 0 1-z T 0
et =0.(21
kgT T T,T (21)
— 3 -5 0
Ty T T
0 kpks 0 1-z |

Expanding the determinant (21), we write the
characteristic equation of the EHA with digital feedback
in the form

(1—2)4—(1—2) T—22+— T+(1- z) X

Ty

2 3 4 (22)

o 1472 T—Z—(l—z) LS ks T =0,
Ty Ty TyTl T Tl

where the gain of the direct circuit of the EHA is equal to
kyk gk k

B ACAN R (23)

c

Parametric synthesis of EHA with digital
feedback. Let us use the w-transformation method [4]
and set in the characteristic equation (22)

l+w
1-w
Then
2
1—2:—2—W; (1—2)2: aw 5
1-w 1-2w+w

(1-2)° =——8W32 X
1-3w+3w° —w (24)
(1_2)4 _ 16w

1—4w+6w2 —awd +wh

In the obtained relations (21), we will make the
replacement [5] w=a + jo . As a result, we get

1-z=o(a,0)+ jf(a 0);
(1-2)* =z (@, 0)+ By (@, 0);

2P (@)t iBylaa)
(1-2)" =y (o, 0)+ [ Ba (e, ),
plan) -t @)
) (22_:;(21)(1—)2%052—@2)—
tac?(1-a
az(a,a))=(1_2a+a2_w2)2+4w2 oy . (28)
20(1-a)(a® -0 )+
+200(1-20+a? - 0?)
fy (a,0) = et e . (29)
o (c,0) =
(o - 300 )
8% 1-3a+3(a? - 0?)-(a* - 3aa? ) | +
+o? (-3+60-3% +o )( ~o?) | 0
- :1—3a+3(a2—a)z)—(ag—Saa)Z)T+
+w2(—3+6a—3a2+w2)2
B3 (e, 0) =
~(® -300% )0 -3+6a-30% +? )+
8 +(3020-0° )
; (31)

x|1-3a+3(a? - 02 )-(a ~3a0?)
z_wz)_(a3_3aw2)}2+

+0° (—3+ 6 —3a® + W’ )2

:1—30: +3(a

ay(a,0)=
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(* ~60%0 + 0 )
1-4a+6(a’ -’ )~
><—4(a3—3aa)2)+ +
16] | +(a*-6a%0" +0)
+haa? (a2 —a)z)x
—4+12a—4(3a2—a)2)+

X
+4a(a2 - wz)

= > (32)
1—4a+6(a2—wz)—4(a3—3aa)2)+
+(a4—6a2a)2+a)4) ’
—4+12a—4(3a2—a)2)+ ?
+@?
+4a(a2—a)2)
Pa(a,0)=
40:(0( a)z)x
1-4a+6(a’ - 0? )
X ( 3 300 )+
161 | +(a* 6a2w2+a))
(a4 6c’w’ + @ )4a)><
—1+3a w2)+
-’)
1- 4a+6(a2 ( 3 _3qw )+ e &
+
+(a4 60w +a)4)
—4+12a—4(3a2—w2)+ ’
+@?
+4a(a2—a)2)
Taking into account relations (25), the

characteristic equation of the EHA with digital feedback
(22) takes the following form

ag(a.0)+|fy(a,0)-
(Vo T2 AT, T 3 (,0) + s () ]+
+(1+I_2]%[a2 (. 0)+jfs (a,0)]-

y

(34)

T3
——[al a,m)+
T Tl

T4
iB(a,0)]+k-ks —=0.
T

We represent the value ks as the sum of the real
and imaginary parts

k5 ZRek5+ J Imk5
Then from equation (34) we have
—ay(a,0)+

+(T—2+TijTa3 (a,0)-

2
oy

T, |72 ;
[1+ —ZJT—Z(ZZ (a,0)+
Ty )T

T3

T,

Reks =
T Th

(35)

+ o (a,0)

2
yl

—By(a,0)+
+[T—2+TLJT[33 (a,0)-

Ty

2 . (36
_{1+_1|__—2]T—2/32(a,w)+ (30)

o,
TT12 (2.0)

Using formulas (35), (36), taking into account
relations (26)—(33) in the complex plane (Reks , Imks)

we construct the boundary of the EHA stability region,
assuming « =0 and changing @ from zero to infinity.
The straight line segment enclosed between the
intersection points of the constructed curve and the real
axis will determine the stability region of the EHA with
digital feedback (Fig. 2).

7107 Im K,

10° Re K

Fig. 2. The boundary of the region of stability and
the line of equal degree of stability in the plane of
the complex parameter ks

By changing the value of « in the negative
direction « >y and constructing lines of an equal

degree of stability [5], on the real axis of the complex
plane we will select segments ab; , contracting at some
a=a* to the point ks =k;, in which the stability
margin EHA is maximum and equal to o = a*.
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The point k}, which ensures the maximum

stability margin of the EHA, is located on the real axis
of the complex plane K. The segment a;b; contracts

to this point. Point a; corresponds to w =0 for each of

the lines of equal degree of stability, consequently, the
coordinate of point a; on the real axis of the complex

plane K is determined by the dependence

-0y (a,O)+(T—22+Ti]><

Ty
T, |T2

== o (a,O)—[l+—]—2x

. (37)
Ty )Ty

3

xay (a,0)+ o (a,0)

y'l

where the quantities «;j(«,0) can be obtained from

relations (26), (28), (30) and (32 ) when substituting
w=0 inthem:

2 4a®
al(a,0)=—£; az(a,0)=(1_aa)2;
8a° 160* )
0)=-—2%__. 0)=—"%
az(a,0) T ay(,0) o)

At the point kj, the value of a (e) reaches its
maximum

K5 = maxa, (). (39)
(24

We differentiate the right side of dependence (38)
with respect to « and equate the result of
differentiation to zero

_9a4(a,0) +[T_2+ 1 ]T daz(a,0)

oa T12 ﬂ oa

_[1+T_2JE day (,0)

2
Ty T oa

40
T3 8a1(a,0):0 “0

+ 2
T,y Ooa

As an example, consider an EHA with parameters
k=0,3664 V%, T,=4-107s; T2 =104¢
T,=0,55-102s. Then, taking into account relations
(39), condition (40) takes the form:

o8 [—32+9,6-102T ~4,548.10°T2 40, 25-106T3J+
+a? [—9,6-102T 1+9,1-10%T2 —0,75-106T3}+ (41)
+a[—4,548~1O4T2 +0,75.106T3}—o, 25.108T3 =0,

The real negative and two complex-conjugate roots
with negative real parts of the cubic equation (41)
determine the value of the maximum stability margin
a* of the considered EHA.

EHA with digital feedback has two variable

parameters — the gain of the feedback loop ks and the
quantization period of the onboard computer T . The
optimal value of k; in accordance with relations (37)
and (39) is determined by the formula

I
-0y (0!*, 0) + [T—ZZ + T—]T [24] (a*, 0) -

2
« Ty Ty
s . (42)
kT T, |72 T3
- 1+—= —Zaz(a*,O)-l—zal(a*,O)
Ty )% TyTy

On Fig. 3 shows the root locus of the third-order
polynomial (41) depending on the quantization period
of the onboard computer. Points 1-6 of the root locus
correspond to the following values of the quantization
period T :
1-T=1-10%5;2-T=2-10%5;3-T=4-1073s;
4-T=6-10%55-T=8-103%s;6-T=1072s.

o =-0,032 Im o,
‘ 0.4
[}
| /6.
|
, — 0,3
| / 5
s /r
( | 0,2
N3
|
[}
1 \ 0,1
‘ 2
; BEEREN
5 5 7 : 3 2 !'| Rea
- /7
1 2 -0,1
| /
[}
!
i
| 02
N
[}
; \5\ -0,3
oo, B
o' =-0,032 0
-0,07 -0,05 -0,03 -0,01 0

Fig. 3. Root locus of the polynomial of the third order (41)

A closed-loop EHA achieves a maximum margin
of stability and speed in the case when the real parts of
all three roots of the polynomial (41) are the same, and
the roots themselves are located on a vertical dash-
dotted line. In this case, the value «*=-0,032, which
corresponds to the value of the on-board computer
quantization period T =5-10%s. With a further
increase in T, the stability margin and speed of the
EHA decrease, and at T=107%s, the EHA loses
stability.

Let us substitute «*=-0,032 into relations (38)

o (a*,0)=0,062; ay (a*,0) = 0,00376;
a3 (a*,0)=0,000233; a4 (a*,0)=0,000141.

Then from relation (42) we find the optimal values
of the coefficient of gain of the EHA feedback

K= 0,3664 V.
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period of the onboard computer T . It is recommended
to choose the values of both variable parameters from

The variable parameters of the EHA with digital the condition of ensuring the maximum margin of
feedback are the feedback gain ks and the quantization  stability and speed of the closed-loop EHA.

Conclusions
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IMapameTpu4HHUii CHHTE3 €JIEKTPOTiAPABIiYHOI0 BHKOHABYOTO OPraHy
HHM(POBOI CUCTEMH ABTOMATHYHOI0 KEPYBAHHA PYyXOMHM 00’ €KTOM

€. €. Anexcannpos, T. €. Anekcanzaposa, . B. Koctanuk, . FO. Mopryn

AHoTanist. BinpliicTh Cy4acHMX PyXOMHX OO €KTIB, 30KpeMa pPYXOMHX OO0 €KTIB BiiiCbKOBOrO MpU3HAYCHHS, OCHAIICHI
CHCTEMaMH HaBE/IeHHs 1 cTalimizallii 3 eJIeKTPOriApaBIiYHIMH BUKOHABYMMH OpraHamMu. MiKKOHTHHEHTAJIbHI OaTiCTHYHI paKeTH,
KOCMIi4Hi arapar, JIiTaKu, OCHOBHE 030POEHHSI TAHKIB i KOpaOiliB MArOTh BUCOKOTOUHI IIM(POBI CHCTEMHU HaBEICHHs 1 cTabimizawii 3
@JICKTPOTI APABTIYHIMH BUKOHABYMMHU CIEMEHTAMH 3 MOTCHIIOMETPHYHAM 3BOPOTHHM 3B’S3KOM, 3IATHUMH 3a0€3MEUHTH BHCOKY
TOYHICTh cTabuIi3anil pyXxoMoro 06’eKTa 100 3aJaHoro HampsMmky. Pobora mpucBsiueHa po3polii METOAMKH BHOOPY 3HAYCHHS
KoedilieHTa MiACHICHHs KaHalTy 3BOPOTHOrO 3B’ 53Ky, 110 3a0e3edye MaKCUMAIIbHUIT 3amac CTIHKOCTI 1 MAaKCUMAaJIbHY IBHIKOIIO
3aMKHEHOI 1(pOBOI CHCTEMH HaBEICHHS i cTabimi3ali pyxoMoro 00’exra. 3amnpornoHOBaHa METOIMKa 0a3yeThesl Ha 3aCTOCYBaHHI
JIMCKPETHO-KOHTHHYaJIbHOT MaTeMaTHIHOI MOJieNi 3aMKHeHOI udpoBoi cucTeMu HaBeleHHs i cTabiiiarii pyxoMoro 00’ekTa, 1o
MICTHTh 3BHYaiHI qudepeHiiianbHi PiBHIHHS IS OMUCY 30ypPEeHOro pyxy KOHTHHYaIbHOI YaCTHHU 00 €KTa, 10 CTallmi3yeThes, a
TaKOXX PI3HHLEBI PIBHAHHS [UIs OMKCY AWCKPETHOro crabimizaropa. J[ms moOy0BHM XapaKTePHCTHYHOTO PIBHSHHS 3aMKHEHOT
JIMCKPETHOI CHCTEMH MaTeMaTHYHa MOJENb NPHBOJUTHCS IO CHCTEMHU PI3HHIEBUX PIBHSHD i3 3aCTOCYBAHHSM MATPUYHHX PSIIB.
Ilpn 1npOMY KiNBKICTh BpaxOBaHMX 4WICHIB MATPUYHHMX PsAIB 3alIKHTh BiJl BEJIMYMHH MEPiONy KBAaHTYBaHHsS LH(POBOTO
cTabinizaropa, OTXKe OKpiM BH3HAYEHHS KOe(illieHTa ITiICHICHHs KaHaTy 3B0OPOTHOTO 3B 53Ky BUKOHABYOTO OpraHy 3arporoOHOBaHA
METO/IMKA BKIIFOYAE TAKOK BU3HAUCHHSI BEIMYMHHU TIepioly KBaHTYBaHHs 1i(poBoro crabiiizaropa.

KawuyoBi cioBa: cucrteMa HaBe[eHHs i cTabimizamii pyxoMoro o0’eKkTa; eIeKTpOriIpaBliuHUil BUKOHABYMH OpraH;
Tepiof] KBaHTyBaHHs IE(POBOro cTabirizaTopa; 3amac CTiHKOCTI 1 IBUAKOIISI 3aMKHEHOI CHCTEMU.
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