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MATHEMATICAL APPARATUS FOR MODELING OF THE PROPAGATION
THE MAGNETIC FIELD ELECTRIC MACHINES WITH A GIVEN ACCURACY

Abstract. The problem of modeling the propagation local magnetic fields and spatially dispersed sources is large errors
compared to field measurements. An important aspect of adequate modeling is the use of the correct mathematical apparatus.
It is shown that in order to obtain reliable models of the propagation magnetic fields around electrical machines (generators,
electric motors of different power, geometric dimensions and poles), it is advisable to apply the Gauss equation for a scalar
potential. The solution of the equation in polar coordinates makes it possible to take into account not only the fundamental,
but also other harmonics of the magnetic field (dipole, quadrupole, octupole). This allows, depending on the number of spatial
harmonics taken into account, to obtain a model with the required accuracy (error) for predicting the magnetic field strength
at any point around the machine. It is considered in the paper that an electronic machine is an object of base radius Ro. The
presented approach makes it possible to unambiguously determine the location of zero field points at a distance from the
source (for a quadrupole source and zero field lines, for an octupole source). The results of modeling and their verification
by full-scale measurements for the most common four-pole machines (quadrupole source) are presented. The main task of
modeling the propagation the magnetic field of such sources is to ensure the required accuracy based on the goals of modeling.
It is shown that the modeling accuracy and the presence of zero field points are due to different field levels near the electrical
machine housing for different harmonics. The dipole harmonic at the cabinet is 20% of its own harmonic. But it falls more
slowly with distance. This necessitates taking into account a different number of harmonics depending on the value of the
ratio Ro/R, R is the distance to the point of determining the field strength from the source. Therefore, with the ratio Ro/R=2/3,
the eighth harmonic is essential. At RO/R=1/5, already the fourth spatial harmonic can be neglected. Such data allow you to
choose a rational number of harmonics. This reduces the amount of calculations and simplifies the process of modeling the

propagation of the magnetic field around the source.
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Introduction

Electric machines are widely used in industrial,
household and educational premises. These are electric
generators, electric motors for various purposes and
power. Determining the spatial distributions of their
magnetic fields makes it possible to assess the possible
impact on people, energy losses, etc. At the stages of
designing the placement equipment in rooms, designing
ventilation and heat supply systems, designing
educational laboratories, such an assessment is possible
by modeling the distribution of fields. Obtaining reliable
data requires the presence of correct mathematical
functions. A feature of modeling the propagation of ultra-
low magnetic fields (power frequencies, its harmonics
and interharmonics) is the need to ensurure the required
accuracy of the final result. That is, in functions of
creating software for the implementation of modeling, it
is necessary to lay an allowable error. This error may vary
depending on the tasks. For the purposes of
environmental safety, it can be larger, given the
distribution of fields in areas where people stay
periodically. In industrial and educational premises with
limited space, it is necessary to accurately determine the
zones of safe stay of people. The required accuracy of
modeling can be ensured by taking into account a
sufficient number of spatial harmonics of the magnetic
field. To date, from an applied point of view, this has not
been worked out enough. In particular, different patterns
of extinction of individual harmonics of the field are not

taken into account. Enough harmonics have not been
determined to calculate the magnetic field depending on
the relative size of the electrical machine (the ratio of the
actual size of the machine to the distance of determining
the magnetic field strength).

These issues require consideration and the
provision of unambiguous recommendations for
modeling the propagation of a magnetic field with
sufficient accuracy.

Analysis of recent research and publications

Much attention is paid to modeling the propagation
of magnetic fields in electrical equipment. This is mainly
aimed at reducing energy losses and concerns the
distribution of the magnetic field inside the electrical
device [1]. Such modeling requires minimal errors and is
performed using the Comsol package. For the purposes
of ensuring the safety of people, such a high accuracy is
not necessary even for critical infrastructure facilities [2].
Studies on taking into account the spatial harmonics of
the magnetic field of electrical machines [3] have shown
that this approach is promising. It is advisable to model
the propagation of a magnetic field in polar coordinates,
and consider the change in the field in separate directions
or angles. In most cases, models of the most common
dipole-type field sources are considered [4, 5]. But most
electrical machines are sources of quadrupole and even
octupole magnetic fields. This greatly complicates the
process of modeling the propagation such fields.
Consideration of such sources was started in [6], but the
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field configurations in it are sketchy, and some
provisions require clarification and deepening. The study
[7] shows that any source of a magnetic field can be
considered as a combination of magnetic dipoles with
different magnetic moments. The works [8, 9] used the
synthesis of the magnetic field of technical objects based
on spatial harmonics. They mainly refer to the fields
inside the minimum sphere enclosing the object. But for
the purposes of human safety and the electromagnetic
compatibility of electrical and electronic equipment, it is
required modeling the propagation of an external
magnetic field at the required distances. In this case, it is
necessary to take into account the relative sizes of the
sources in order to determine the required number of
spatial harmonics.

Problem statement. The purpose of the work is to
provide a convenient mathematical tool for modeling the
propagation of the magnetic field of electrical machines,
taking into account the required number of spatial
harmonics, which ensures the necessary modeling
accuracy.

Presentation of the main material

The main source of errors in modeling the
propagation of magnetic fields of electrical equipment is
taking into account the field of only industrial frequency.
In real conditions, there are always harmonic fields of the
fundamental frequency in space (mainly the third and
other multiples of three).

This is due to the non-linearity of the current-
voltage characteristics of most equipment, including the
electric drive. In electrical machines of any design, it is
always possible to distinguish harmonics corresponding
to different harmonics depending on the number of poles
of the machine: two, four, eight.

This corresponds to dipole,
octupole harmonics (n=1, 2, 3).

The most common and powerful are four-pole
electric machines. These include, for example, all
generators of power plants and a powerful electric drive.

An accurate determination of changes in the level of
the magnetic field with distance is expedient using the
Gauss equation for a scalar magnetic potential. In
spherical coordinates R, 6, ¢, the source magnetic field
distribution function has the form:

quadrupole and
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where Ry — the radius of the sphere of the determination

the potential, anm, bam — constant coefficients P," cosgp —

Legendre polynomial.

In doing so, R >Ry, the coordinates a, b are the
amplitudes of the spherical harmonics of the magnetic
field strength in the sphere Ro.

The strength (induction) of the magnetic field is
determined from the above equation based on the
fundamental relationships:
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The above relations indicate that the magnetic field
strength decreases with distance, and this decrease is
proportional to the increase in the harmonic index n.

Thus, based on the tasks set, it is advisable to
consider the first spherical harmonics, which correspond
to the slightest decrease in the level of the magnetic field
with distance.

These are the dipole harmonic (n=1) and the
quadrupole harmonic (n = 2).

The radial component of the magnetic field is
determined from the above relations by a standard
procedure using the Legendre polynomials in the usual
form.

Hmsin=1:

HD = 2x(Ry/R)*
x (&g Cos @+ a4 Cosgsin 6 + by, singsin @).

Josn =2:

(n=2) _ 3 4 [ 820 (30052 9
Hy —4”(R0/R) x[ s (SCos 0 l)+
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+12(a22c052¢+b225in2¢)sin20).

These radial harmonics decrease with distance from
the field source in proportion to the third and fourth steps
of the radius.

A four-pole electric machine, in this case a
turbogenerator, is a source of a magnetic field a dipole-
quadrupole type, that is, a source that has dipole and
quadrupole spherical harmonics of the field. The
magnetic field around such a source is characterized by

the sum of harmonics H{"™® and H{"?
In general:
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Thus, the dependence of the field strength on the
distance for different angles of spherical coordinates will
differ significantly. For example, for

Hzg(sinezl, sin29=1)

in the direction ¢=0 dipole and quadrupole harmonics are
added, and in the direction ¢=n — are subtracted.

The result obtained is important from the point of
view of ensuring the electromagnetic safety of personnel
located near power generators.

This is explained by the fact that at ¢=n there is a
point where H=0, that is, within this angle, the total levels
of the fields are insignificant.

Considering the change in the field strength by ¢=0
and ¢=mn, assuming Ro=1, we obtain the relation:

DPOLRUADRLRON Rsfoiap
Hw ———r ; ‘ o

a2 841

Hl = ? + ? y
a2 811
H, = ?_¥ .

The result obtained indicates that, under the
condition @=r, as a result of different rates of decrease in
the strength of the dipole and quadrupole components of
the magnetic field with distance, there is a point where
H = 0. Modeling of the spatial distribution the magnetic
field a four-pole electric machine using the Matlab
package for ¢=n, R=2 is shown in Fig. 1, a.

An experimental verification of the change in the
magnetic field of a four-pole electric machine with
distance is shown in Fig. 1, b.
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Fig. 1. Change in the magnetic field strength near a four-pole electric machine: a — modeling the value of the magnetic field
strength in the plane around the electric machine (3.14 corresponds to r; 6.28, respectively 2t);
b — measured change in magnetic field strength with distance from the electrical machine

For a dipole-octupole field, its zero value can be on
closed lines. In the plane 6=m/2, there is only one
component of the magnetic field Ho with exponents
n=13:

3 2
Ro ) | 3( Ry
Ho =Ho0 + Hozo :[Fj {5(?) a3 —alo}-

That is, in the plane 8 in the angle 0<@<2x along the
entire circle Ho=0 on a distance:

R [Ba
RO 2a10 .

These ratios, in addition to clarifying the safe zones,
allow you to correctly select the places for monitoring the
electromagnetic environment.

Accounting for a large number of spatial field
harmonics allows you to calculate the field strength at
any point around the electric machine and indicate them
graphically.

But it is important to choose a sufficient number of
harmonics to determine the strength of the magnetic
fields with the required accuracy.

Minimizing the number of harmonics taken into
account reduces the volume of calculations and
simplifies the field propagation modeling processes.

As shown in [7], in the external magnetic field of
multipole electrical machines, in addition to the intrinsic
spatial harmonic with the exponent n = p, there is the first
(dipole) harmonic. At the surface of an electric machine,
the dipole harmonic is approximately 20% of the
magnetic field strength of the natural harmonic. But its
level decreases more slowly than the main one, therefore
it gradually compares with it, and prevails at a greater
distance. This is the reason for the appearance of zero
field points.

In the presence of a dipole harmonic, the maximum
value of the field strength H, is achieved at ¢p=0, 6=m/2:

1 R n+2 R 3
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As shown in [7], the relative level of higher spatial
harmonics:
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That is, it is possible to calculate the relative level
of higher spatial harmonics for any ratios Ro/R (Table 1).

Table 1 — The relative level of the higher spatial harmonics
of the magnetic field K for different relative
distances from the electric machine

Ro/R K

n=2 | n=3 | n=4 | n=5 | n=6 | n=7 | n=8
2/3 1333222148 | 0,99 | 0,66 | 0,44 | 0,29
1/2 | 250 | 125|063 031|016 | 0,08 | 0,04
1/3 | 1,67 | 0,56 | 0,19 | 0,06 | 0,02 - -
1/4 | 125 | 0,31 | 0,08 | 0,02 - - -
1/5 | 1,00 | 0,20 | 0,04 - - - -

As can be seen from the table, for smaller relative
dimensions of the electric machine a smaller number of
spatial harmonics should be taken into account. For
example, for Ro/R=2/3 even the eighth harmonic gives
about 30% of the first, and for the second R¢/R=1/5 the
fifth harmonic becomes insignificant.

This makes it possible to rationalize the processes
of modeling the spatial propagation of magnetic fields of
electrical machines with the necessary accuracy
(permissible error) for determining the field strengths at
any point.

Conclusions

1. For modeling of the propagation magnetic fields
around multi-pole electrical machines, it is necessary to
take into account the presence of spatial harmonics the
magnetic field. To create software, it is advisable to use
the solution of the Gauss equation for a scalar potential
in spherical coordinates. Verification of the modeling
results, taking into account two harmonics, proved the
possibility of obtaining results similar to the
experimental ones.

2. The use of the above calculation apparatus
allows one to determine the points of zero magnetic field
around electrical machines and their actual location,
which is not symmetrical in a full turn around the
machine. By increasing the number of machine poles to
eight, zero field lines can be defined around it.

3. It is shown that in order to ensure the required
accuracy when modeling the field propagation
(permissible error), one should take into account the
relative dimensions the electric machine (the ratio of the
conditional radius of the machine to the distance of
determining the magnetic field strength). At smaller
relative sizes, a smaller number of spatial harmonics is
taken into account. This simplifies the process of
modeling the propagation the field depending on its
objectives.
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MarteMaTHYHMIi aapaT MO/ETIOBAHHS NOLUIMPEHHS MATHITHOTO NOJISI €J1IeKTPHYHUX MAIIMH i3 321aHOI0 TOYHICTIO
JI. O. Jlepuenko, B. A. I'nusa, H. b. bypzeiina

AHoTtanis. [Ipo6ieMor0 MOJIENIOBAHHS MOIIMPEHHS MarHiTHHX ITOJIB JOKAIBHUX Ta PO3CEPIKEHNUX Y HPOCTOPI KEPE €
BENMKI MOXHOKH MOPIBHSHO HATYPHUMH BHMIpPIOBaHHSIMH. Ba)kK/IMBHM acIieKTOM aJeKBaTHOTO MOJICIIOBAHHS € 3aCTOCYBaHHS
KOPEKTHOTO MaTeMaTH4YHOro amapary. [lokaszaHo, IIO JUIS OTpPUMAaHHS JOCTOBIPHMX MOJENCH MOIIMpPEHHS MAarHiTHUX MOJNIB
HaBKOJIO €JIEKTPUYHHUX MAaIINH (TeHepaTopiB, €IEKTPOJBHIYHIB Pi3HOI MOTY)XHOCTI, TEOMETPHYHIX PO3MIpIiB Ta ITOJIOCHOCTI)
JIOLITBHO 3aCTOCOBYBATH PIiBHSHHS ['ayca Juis CKaIsspHOTro MoTeHLiany. Po3B's130K piBHAHHS y NOISIPHUX KOOPIMHATAX TO3BOJISIE
BpaxyBaTH HE TUIBKH OCHOBHY, & i iHIII TapMOHIKA MAarHiTHOTO TOJs (IUMOJBHY, KBaAPYMOIbHY, OKTYNONbHY). Lle mo3Bomnse y
3aJIeKHOCTI KUTBKOCT BpPaXOBaHUX MIPOCTOPOBUX TAPMOHIK OTPHUMATH MOJIEINb 3 TOTPIOHOI0 TOYHICTIO (TIOXHOKOI0) TPOTHO3YBaHHS
HaNpy»XEHOCTI MarHITHOT0 MO Y OyIb-AKii TOUII HABKOJIO MAIIMHU. Y POOOTI BBAKAETHCS, 1[0 ECKTPUYHA MAIIIHHA € 00'€KTOM
6azoBoro pazmiycy Ro. HaBenenwmit migxix mo3Bosie OMHO3HAYHO BU3HAYHUTH PO3TAIIYBAHHS TOYOK HYJIHOBOTO IO HA TEBHIN
BifCTaHi Bif mkepena (IUIA KBaIPYHOJBHOTO JDKEpeia Ta JiHIH HYJIhOBOTO IOJS, JJsl OKTYNONBHOTO Kepena). HaBemeHo
pe3yJIbTaTH MOJENIOBAHHS Ta Horo BepHikamii HATYpHUMH BHMIPIOBaHHSIMH U HAaHOLIBII HOIIMPEHUX YOTHPHIIOIMIOCHHUX
ManuH (KBaJpyHoJbHE JpKeperno). ['ooBHOIO 3ajadero MOJENIOBAHHS IONIMPEHHS MAarHiTHOTO IOJSI TakuX JDKepel €
3a0e3MedYeHHs MOTPiOHOT TOYHOCTI, BUXOASYH 3 I[isieit MoaemoBanHs. [loka3aHo, 110 TOYHICTh MOJICTIOBAHHS Ta HAABHICTh TOYOK
HYJILOBOTO IOJII OOYMOBJIEHI Pi3HUMH PIiBHSAMHM TOJIsI O KOPIYCY €JIeKTPUYHOI MAlIMHH IS Pi3HUX TapMoHik. J[umoibHa
rapMoHika Oina xopmycy ckmagae 20 % BmacHOi rapMoHiku. AJle BOHA cIajae MOBiNbHINIE 3 BiacTaHHIO. Lle 00ymoBiroe
HeOOXiqHICTh BpaxyBaHHsI Pi3HOT KiJILKOCTI FApMOHIK Yy 3aJI€)KHOCTI Bijl 3HaueHHs criBBiguHoIeHHs: Ro/R, R — Bijictans 10 TOUKH
BH3HAYCHHS HANPYKEHOCTI MOy Bix mkepena. Tomy 3a cmiBBigHouenHs Ro/R=2/3 cyTtreBoto € BocbMa rapmoHika. 3a Ro/R=1/5
BXKE YETBEPTOIO ITPOCTOPOBOIO TAPMOHIKOIO MOKHA HEXTYBaTH. Taki TaHi TO3BOJISTIOTH 0OpAaTH PaIliOHATBHY KUTBKICTh TApMOHIK.
Lle 3MeHIIye 06CsArH 00YUCIICHB i CIIPOLILY€ MPOLIEC MOJIETIOBAHHS TIOLIMPEHHS MAarHiTHOTO OJIsI HABKOJIO JDKEpena.

Kao4yoBi cioBa: MOJETIOBaHHS, PO3PaXyHKOBHIA amapar; elIeKTpUYHA MalllMHA; IPOCTOPOBA TapMOHIKa; JAUIOJNb.

MaremaTH4ecKHii annmapaTr MoJAeJIJMPOBAHUSI PACPOCTPAHEHUSI MATHUTHOTO MOJISI 3JIEKTPUYECKHX MAIIIMH
C 32/IaHHOI TOYHOCTHIO

JI. O. JleBuenko, B. A. I'neiBa, H. b. Bypaeiina

IIpoGnemoii MomenupoBaHHsl PACIPOCTPAHEHHS MAarHUTHBIX TONEH JOKAIbHBIX M PAcCPelOTOYEHHBIX B MPOCTPAHCTBE
HCTOYHUKOB SIBIISIIOTCSI GOJBIINE MOTPENIHOCTH IO CPABHEHHUIO C HATYPHBIMH HU3MEPEHHSMH. Ba’kHBIM aclieKToM aJleKBaTHOTO
MOZENNPOBAHMS SABISETCS MPUMEHEHHE KOPPEKTHOTO MaTeMaTHIECKOro anmapata. [IokazaHo, 9To A7t OTyYeHHUs JOCTOBEPHBIX
Mozeneil pacnpoCTpaHEHWs] MAarHUTHBIX IIOJIeH BOKPYT SJIEKTPUYECKHX MAIIMH (TEHEpaTOpOB, SJIEKTPOABUTATENEH pa3HON
MOIIHOCTH, T€OMETPUYECKHX pPa3MepoB U IOJIOCHOCTH) IIENeco00pa3HO INpPHUMEHSTh ypaBHeHHMe [aycca IUIsi CKalsIpHOTO
noTeHuuana. Pemenue ypaBHeHHs B MOJIIPHBIX KOOPJAMHATAX MO3BOJSAET yUECTh HE TOIBKO OCHOBHYIO, HO M JIpyTUe TapMOHUKU
MAarHuTHOT'O ITOJIA ()II/II'[O.]'IbHyI'O, KBaJIpynoJbHYIO, OKTyHOHbHy}O). 9TO MO3BOJISIET B 3aBHCHMOCTH OT KOJHUYECTBA YUYTCHHBIX
IPOCTPAaHCTBEHHBIX FAPMOHUK IOJYYUTh MOJENb C HY)KHOH TOYHOCTBIO (IIOTPEIIHOCTHIO) MPOrHO3HMPOBAHHS HANPSHKEHHOCTH
MAarHUTHOTO MOJIA B IF00OH TOUKE BOKPYT MAaIIMHBL. B paboTe cunTaercs, 4To IeKTPOHHAs MaIIHHA SBISETCS 00BEKTOM 6a30BOT0O
paamnyca Ro. I[IpuBeneHHbII MOAX0 MO3BOIAET OJHO3HAYHO ONPEIETUTH PACTIOIOKEHNE TOUEK HYJIEBOTO MO Ha ONpeaeIEHHOM
pPacCTOSHHM OT WCTOYHWKA (IJISI KBAaJPYMONHPHOTO WMCTOYHHMKA ¥ JIMHUM HYJIEBOIO MOJS, JUIL OKTYIOJBHOTO HMCTOYHHKA).
[MpuBeneHs! pe3ynbTaThl MOJICIHPOBAHUS M MX BepH(UKANHM HATYPHBIMH W3MEPEHHAMH Ul HaumOoiee pacHpOCTPaHEHHBIX
YeTBIPEXIIONIOCHBIX MAIINH (KBaAPYIOJIbHBIN NCTOYHHK). [ ITaBHOM 3ajauell MOAEINpPOBaHUs PACIPOCTPAHEHHSI MATHUTHOTO ITOJISt
TaKMX MCTOYHHKOB SIBIISIETCS oOecriedeHne TpedyeMoil TOYHOCTH, MCXOs U3 mesiel MoaenupoBanus. [loka3aHo, YTO TOYHOCTH
MOJACIUPOBAHUS U HATUNIUE TOUCK HYJIEBOI'O IO 06ycn03ne1-n>1 Pa3HbBIMH YPOBHSIMU IIOJIA Y KOpIryca SHCKT‘pH‘{eCKOﬁ MalInuHbI
JUIS pa3HBIX FAPMOHHUK. JIUIonbHas rapMoHUKa y Kopiyca coctasisieT 20% cobcTBeHHol rapmMonuky. Ho ona cragaet MeieHHee
C paccTossHHEM. JTO 00yClaBIMBaeT HEOOXOAMMOCTh y4eTa Pa3HOTO KOJIMYECTBA TAPMOHHK B 3aBHCHMOCTH OT 3HAYCHHS
cootHowenus Ro/R, R — paccrosiHue 10 TOUKH OonmpeneseHus] HApsHKeHHOCTH MOJIsl OT UCTOYHUKA. [109TOMY HPH COOTHOIICHHU
Ro/R=2/3 cymecTBeHHO# siBisieTcss BochMasi rapmonuka. I[Ipu Ro/R=1/5 yxxe deTBepToi IpOCTPaHCTBEHHOI rapMOHUKOI MOXKHO
npenedperats. Takue JaHHEIE TO3BOJISIIOT BEIOPATh ONTUMAIBEHOE KOJIHMUYECTBO TAapMOHUK. DTO YMEHBIIAET 00BEMBI BHIUMCICHHIN
U yIpoliaeT NpoLecc MOACIUPOBaHUS paCIPOCTPAHEHHSI MATHUTHOT'O 110JI BOKPYT HCTOYHUKA.

KiawueBble €J10Ba: MOACTMPOBAHUE, PACUCTHBIN alIapat; EKTPUYECKAs MAIIMHA; TPOCTPAHCTBEHHAs! FAPMOHHKA; JTHIIONb.
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