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PARAMETRIC SYNTHESIS OF THE DIGITAL INVARIANT STABILIZER
FOR A NON-STATIONARY OBJECT

Abstract. Two methods are considered for choosing the values of the variable parameters of the digital stabilizer for a
non-stationary object, which ensures the invariance of the closed stabilization system to the action of external disturbances.
The comparative analysis of the considered methods was carried out in order to identify their advantages and
disadvantages. As an example, it is considered the problem of parametric synthesis of the digital stabilizer of the C5M
cosmic stage of the Cyclone-3 carrier rocket as part of the program for the modernization of these objects created in the late
70s by the joint efforts of the Yuzhnoye Design Bureau and NPO Hartron, which contain an analog stabilization system and
operating to date. It is concluded about advisability to replace the CSM analog stage stabilizer with the digital stabilizer in
order to improve the quality of the stabilized process of the stage in the active part of the flight trajectory. It is shown that
both methods considered in the article lead to the creation of the digital stabilizer that provides a significant reduction in the
static error of the closed digital stabilization system of the cosmic stage of the carrier rocket and an increase in the quality
of stabilization process.
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Introduction

Problem statement. The perturbed motion of a
non-stationary stabilization object is described by a
vector-matrix differential equation

X(t)=®[X (1), ]+ B(t)-U(t)+C(t)-F(t), (1)
where X (¢) is the n-dimensional state vector of the
stabilization object; U(¢) is the m -dimensional control
vector; F(r) is the k -dimensional vector of random
external disturbances; B(¢) and C(¢) are rectangular

matrices of sizes nxm and nxk , respectively.

The digital stabilizer implements a linear
stabilization algorithm
U[nT]|=K[nT]-X[nT], )

where X [nT] is the lattice vector-function at the output
of the analog-to-code converter obtained by time
quantization of the state vector X (7)) with a
quantization period 7', and subsequent filtering of the

lattice function X [nT] wusing a matrix filter
Butterworth

Z{X[nT)} =Wy (2)Z{X [nT]}; 3)
where z is the complex variable of the Z-

transformation of the lattice function; Wp(z) -
diagonal matrix discrete transfer function of the
Butterworth matrix filter; K[nT] is a rectangular
matrix of variable parameters of stabilizer of size mxn,
the elements of which vary in time »#7 . The code-to-
analog converter converts the lattice vector-function

U[nT] into a piecewise constant vector-function
U(t) , moreover
U(t)=U[nT] when nT<t<(n+1)T. (4

The quality of the stabilizer (2) is usually
estimated by the value of the integral quadratic
functional

I(K[nT])= X (t))dt, )

O'—.r\

where 1 is the analysis time of the stabilized process;
QO is the diagonal Sylvester matrix.

The problem of parametric synthesis of stabilizer
(2) is to find the elements of the matrix K[nT] such

that, on the solutions of the closed stabilization system
(1)—(4), the integral quadratic functional (5) reaches a
minimum. If for the object (1) the condition is satisfied

M{F(t)}=0, (6)

where M is the symbol of the vector mathematical
expectation, then the formulated problem of the
parametric synthesis of the stabilizer (2) is reduced to
the problem of the analytical construction of the optimal
controller (ACOC) [1-3].

If condition (6) is not fulfilled, which is typical for
most non-stationary technical objects, then using the
ACOC theory leads to a significant static error of a
closed stabilization system [4]. The magnitude of this
error depends on the nature of the change in the
components of the vector of external disturbances

F(t), as well as on the structure and values of the
clements of the matrix K[nT] of the stabilization
algorithm (2).
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Main material

Solving the problem of optimizing parametric
synthesis using the method of "frozen" coefficients.
In accordance with the method of “frozen" coefficients
[5], the time interval for the analysis of the stabilized
process T is divided into N identical sections of

duration A¢, moreover Ar=1/N .
At time t; =i-A, (izl,_N), the values of the

parameters of the stabilization object (1) and stabilizer
(2) are fixed and assumed to be unchanged in the region
(#,t;+1) . Then equation (1) and relation (2) take the
following form
X(t)=d[X(t

)t ]+ B(1;)-U (1) + C(6)-F ()5 (7)

K(tl-)-)N([nT] . ®)

We add another differential equation to differential
equation (7)

U[nT]:

K41 (£) = (X (1).0- X (1)),

from which, as well as from relation (5),
I[K(tl-)]=xn+1 (1) (i=l,_N). (10)

Using the algorithmic method of parametric
synthesis of stabilization systems described in [6,7], we
find the matrix K (tl-) that delivers the minimum of
function (10) on the solutions of closed system (7)—(9),
(3), (4). Note that the mentioned method of parametric
synthesis in parallel includes determining the diagonal
elements of the matrix Q of functional (5). As a result,

the dependences of the matrix elements K*[nT] are
constructed in the form of a piecewise constant function
with a step Ar including an integer ¢ of quantization
periods T': At=qT .

To minimize the objective function (10), the
algorithmic method of parametric synthesis used uses the
Optimization Toolbox software package MATLAB or
Minimize software MATHCAD, which implements the
Nelder-Mead method for solving nonlinear programming
problems [8]. To use the above products in order to solve
the optimization problem, it is necessary to choose the
region of admissible values G; of matrix elements
matpusl K () € Gy . In [6, 7], it is proposed to choose
the stability region of a closed stabilization system in the
space of variable stabilizer parameters as a region Gy,
(2). To estimate the region Gj we neglect the own

dynamics of the Butterworth matrix filter and take
Wg(z)=E. (11)

Then, taking into account relations (3) and (11), we
write down the formulas

X[nT)=X{[nT];

K (1) X[nT],

(12)

U[nT]= (13)

as well as the equation of the first approximation of the
perturbed motion of the stabilization object

X()=A(t) X ()+B(4;)-U()+C () F (). (14)

Using the results of [9], we write the characteristic
equation of a closed discrete system of first
approximation (14), (13), (4):

det[ R(4;)+H(4)-K(4;)-Ez]=0, (15

where the matrices R(z;) and H(z;) are written in the

form
R(t)= 3247 ()7 16
j=0
Z‘[ 1) )T’”}B(tl-). (17)

The number of taken into account the terms of the
matrix series (16) and (17) depends on the magnitude of
the quantization period 7 . Usually, when using modern

glt 1 computers with a short quantization period, it is
assumed with sufficient accuracy

R(t;)=E+A(t;)T
H(t;)=B(4)T.

In the characteristic equation of the closed discrete
system (15), we make the change

z=(1+w)/(1-w).
As aresult, equation (15) takes the form
det[R(tl-)+H(tl-)-K(tl-)—Ei+—W}=0. ()
-w

Assuming w = jo in (18), we write the expression
for the characteristic vector of a closed discrete system
1+]m

P(jo.t) =de{R(tl-)+H(tl-)-K(tl-)— . } (19)
-Jjo
Using the relation for characteristic vector (19), we

construct the stability regions of a closed discrete
system in the planes of variable stabilizer parameters,

the union of which represents the region Gy (1) for

each of the fixed time instants ¢, (i = l,_N) .

Solving the problem of parametric synthesis of
a digital invariant stabilizer using time series. The
method of “frozen" coefficients used above to solve the
problem of parametric synthesis of the stabilizer of a
non-stationary object allows one to obtain time-varying
values of the variable parameters of the digital
stabilizer, which increases the degree of astatism of the
stabilization system, gives the system the invariance
property to the external disturbance F (t) and reduces

the static errors of the stabilized process [4]. However,
despite the widespread use of the method of "frozen"
coefficients in engineering practice, this method does
not have a rigorous theoretical justification and does not
always lead to the desired results.
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It was indicated above that the magnitude of the
static error of the stabilized process substantially depends
on the nature of the change in time of the external

disturbance F (7). The above algorithmic method of
parametric synthesis of the stabilizer, based on the

“freezing” of the coefficients of the mathematical model
of the stabilization object, takes into account the change

in the disturbance F(r) indirectly when integrating
matrix equation (14), which does not exclude a
significant static error when the stabilizer processes the
disturbance F (7).

A much more effective method for the parametric
synthesis of an invariant stabilizer of a non-stationary
object is the method described below, based on the

representation of an external disturbance in the form of a
time series

F(t)=Fy+ R+ R’ ..+ Fi (20)

where Fy, F, F5, .., F; are vectors of dimension &

with constant values component.
The higher the degree of polynomial (20), the more

complicated the vector function F(¢). The matrix of
variable parameters of the digital stabilizer (2) will be
found in the form of a time series

K[nT] =Ko+ KnT +K, (nT) +..+ K, (nTY , 1)

where K, Kj, Kj, ...
with constant values of elements of size mxn each.
Any of the elements k; [nT] of the matrix (21) is

, K; are rectangular matrices

also written in the form of a time series
2

From relation (22) it is clear that each of the
elements of matrix (21) contains (/+1) variable

parameters; therefore, matrix (21) contains such

parameters m-n-(I/+1).

The problem of parametric synthesis of an invariant
digital stabilizer (2) for a non-stationary object (1) is to

find m-n-(/+1) variable parameters of matrix (21) such

that the integral quadratic functional (5) reaches its
minimum on solutions of a closed system ( 1)~(4). If the
parametric synthesis procedure for the stabilizer based on
the use of the “frozen” coefficients method is a solution
to a sequence of optimization problems of N functionals
(10) with respect to m-n variable parameters of the

matrices K (tl- ),(i = l,_N), then a procedure based on the

use of time series is a solution to the problem of
optimizing one functional (5), calculated along the
trajectory of a non-stationary object during the time t of

a motion relative to m-n-(/+1) of the variable matrix

parameters (21).

The second approach to solving the problem of
parametric synthesis of the stabilizer is much more
complicated than the first, but it allows to obtain a
significantly higher quality of the stabilized process.

Example. As an example, we consider the problem
of parametric synthesis of the stabilizer of the C5SM
cosmic stage (CS) of the Cyclone-3 carrier rocket, the
mathematical model of the disturbed motion of which is
given in [11] and in the channel of angular stabilization
for the yaw angle has the following form:

G(1)=a'y, w(t)+a"ys Bi(1)+
+a"yp, Ba (1) +aysd (1) +my (1);

) . 5 . (23)
By (7) +2& 0By (£)+ 0By (1) = a"gy W5

By (1) +2850,B (1) + @3B, (1) = a "By Vs
where () is the angle of rotation of the longitudinal
axis of the stage relative to the plane of the orbit; B (¢),

B, (¢) are the angles of deviation of the free surface of
the fuel and oxidizer, respectively, from the unperturbed
position; m,, (¢) is the reduced disturbing moment; 3(7)
is the angle of deviation of the axis of the marching
engine from the longitudinal axis of the stage in the

channel of yaw; a',,,, a5 — time-varying coefficients

characterizing the movement of the stage; a Wy > 4 Py

are the coefficients of the influence of fluid oscillations in
the fuel and oxidizer tanks on the angular movement of
the stage; a"B]w, a"Bzw are the coefficients of the
influence of the angular movement of the stage on the
oscillations of the liquid in the fuel and oxidizer tanks;
&, & — damping coefficients of the vibrations of the
fuel and oxidizer in the tanks of the stage; ®;, ®, are
the natural frequencies of free vibrations of the fuel and
oxidizer in the tanks of the stage.

The continuous part of the closed stabilization
system, in addition to the stabilization object (23), also
contains an electro-hydraulic amplifier (EHA), which
rotates the combustion chamber of the marching engine
by an angle 5(r), the disturbed motion of which is

described by a system of differential equations [4]

Ly d:{(tt)”yi(’)zU(’)—k_SS(f);

kS
2
Iy dd[jZ(t) +Jk d[izgt) toP(r)=kpilt): (24
ds(r)
di _khksB(t)’

where i(¢) is the current in the control winding of the
EHA; B(¢) is the angle of rotation of the rocker arm of

the EHA electromagnet; U (¢) is the control signal at the

output of the code-to-analog converter of the digital stage
stabilizer; L, — inductance of the control winding of the

EHA; r, is the resistance of the control winding of the

EHA; I; - moment of inertia of the rocker arm of the
EHA; f; isthe coefficient of liquid friction in the axis of
the rocker arm; ¢, is the stiffness coefficient of the fixing
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spring of the EHA rocker arm; kg, £, kB , kj, are the

proportionality coefficients.

The continuous part of the closed stabilization
system should also include a set of command devices,
namely a gyrostabilized platform (GSP) with a
gyroscopic angular velocity sensor (GAVS) installed on
it. It was shown in [12] that the intrinsic dynamics of
GSP and GAVS in the process of parametric synthesis of
a digital stabilizer can be neglected and it can be assumed

that GSP and GAVS absolutely accurately measure /(7)

and ©, (t)=y(¢). On the one hand, this assumption is

associated with the high accuracy of modern gyroscopic
instruments and devices, and, on the other hand, with the
use of low-frequency Butterworth filters in the digital
stabilizer, which efficiently filter high-frequency noise
associated with the intrinsic dynamics of gyroscopic
instruments and vibration of the stage casing caused by
the operation of the marching engine.

Continuous time functions y(¢) and w,(7) are

supplied to the inputs of the analog-to-code converter
from command devices GSP and GAVS, where they are
transformed into lattice functions y[nT] and o, [nT],
noisy by the natural vibrations of the gyroscope frames
and vibrations of the stage casing . These functions go to
the inputs of Butterworth digital recursive filters [13, 14].
From the outputs of the filters, the lattice functions
[nT] and @, [nT] filtered from high-frequency noise
arrive at the processor, which forms the stabilization
algorithm in the form

Gy [nT] = ky W [nT ]+ kyd, [nT], (25)

where k\u and k\i/ are the variable constants of stabilizer.

If the digital stabilizer implements second-order
Butterworth filters with the transfer function

apn (1+2Z_l +Z_2)

Wgy (z) = , (26)

1+ dlzz_l + dzzZ_

where z is the complex variable of the z -transformation
of the lattice function, then, taking into account relations
(3) and (26), the difference equations that describe the

process of filtering of noisy lattice functions \u[nT] and

o, [nT] are written as
W[nT)=ap {y[nT]+2y[(n-1)T]+
+‘V[(”_2)T}}—dlz\TJ[(”—1)T}—d22@[(ﬂ—2)ﬂ; on
@, [nT] = ap {o, [nT]+ 20, [ (n-1)T]+
o, [(n-2)T])=dyod, [ (n-1)T |- dpé, [ (n-2)T .

In this case, the control lattice function U[nT] is

formed in accordance with the algorithm

8y [nT hen |5, [nT]<u";
Ut - o [17] when [8,, [nT]|<u o8

u' sign8,, [nT] when |8w[nT]|>u*,

where u" is the value of the saturation zone of the EHA.

The lattice function (28) is supplied to the input of
the code-analog converter, which converts the function
(28) into a piecewise constant function (4).

Thus, relations (25), (27), (28) and (4) are a
mathematical model of a digital stabilizer, and in
combination with differential equations (23) and (24),
they are a mathematical model of a digital system of
angular stabilization of C5M cosmic stage in the channel
of yaw. The values of the variable coefficients of the
mathematical model of the stabilization object were
obtained in [11]. The time dependence of the perturbed

moment e, (¢) is shown in Fig. 1 [11].

2

m (t), S

0.08 hd
P
0.06 //
0.04
0.02
0 t,s
0 20 40 60 80 100 120

Fig. 1. The time dependence of the perturbed moment m,, (1)

The type of curve shown in Fig. 1, we can
conclude that the curve m,, (¢) is well approximated by

a parabola

2
my, ()= My, + Myl +myot™, (29)

whose  coefficients  are  mo=3,75-1 072 ¢,

My =-24107 ¢ myy =4,26-107° .

Then the variable parameters of the digital stabilizer
of the space stage C5M should be presented in the form

2
k‘l-’ = kwo + k\ylnT +k‘|/2 (I’lT) ; (30)

k‘l-’ = \iJO +k‘|.-’lnT+k‘|./2 (I’lT)z .

Using the method of parametric synthesis of a
digital stabilizer described above, based on finding the
minimum of the integral quadratic functional

1(K) = [ odw? (1) +0? (1) e
where K is
K =[ kyo kyt ky2 kyo ki Ky |, calculated on  the

@31

the vector of variable parameters

solutions of a closed stabilization system, we obtain the
following values of the variable parameters of the
stabilizer:

*

* -1
ko =69,23; k\ul =-0,4427 ¢,

7
by =0,7864-107 ¢ kyo =0.01 ¢
by ==0,64-107%; kyp =1,136-107% .

In [4], transients were constructed in a closed digital
stabilization system with constant values of the variable
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parameters of the stabilizer

ky [nT] = kyo s

digital
ky [nT]= k:m .

equal to
These processes are

shown in Fig. 2.

Analysis of the processes shown in Fig. 2, shows,
firstly, the presence of a significant static error and,
secondly, the noticeable effect of fluid oscillations in the
fuel and oxidizer tanks from the 20th to 40th seconds of
flight in an active part with a duration of 114 s.

Comparison of the processes shown in Fig. 2 and
Fig. 3, leads to the conclusion that the use of the proposed
method for the parametric synthesis of the stabilizer CS
can improve the performance of a closed stabilization
system, significantly reduce the static error in lateral
displacement and significantly reduce the effect of fluid
oscillations in the fuel and oxidizer tanks on the stabilized
motion of the CS. So, the processes of calming the CS

after its separation from the carrier rocket decreased by
an average of 25% and their duration does not exceed
10s. The static error in the angular deviation of the

0wl ).

5 . cosmic stage does not exceed 0,0015rad compared to
S VNN = 0,005 rad, which occurs in the case of constant values of

4 (7 the variable parameters of the stabilizer.

’ Conclusions

? \i/(f) A comparative analysis of the two methods used in
! — the article for the parametric synthesis of a digital

0 ﬂuﬁw ol t,s stabilizer for a non-stationary object allows us to identify

1 the advantages and disadvantages of each of them.

) The first method, which uses the “freezing” of the
0 20 40 60 80 100 120 coefficients of the mathematical model of a stabilized

object at separate time intervals, followed by finding the
variable parameters of the stabilizer at each of the
intervals, is notable for its simplicity of implementation,
but not a rigorous mathematical justification and, as a
result, it not provides an effective reduction in the static
2] errors of the stabilization process.

\l/(’ ) The second method for the parametric synthesis of a

Fig. 2. Transients in a closed stabilization system with
constant values of the variable parameters of the stabilizer

0wl ).

/ . . g .
digital stabilizer, based on the presentation of external
perturbations and variable parameters of the stabilizer in
0 t,s the form of time power series, is much more effective in

\i/(f ) the sense of imparting a closed stabilization system the
property of invariance to the action of external perturba-
tions. The practical implementation of the second method
2 is associated with significant computational difficulties, but
0 20 40 €0 80 100 120 this drawback is compensated by the fact that the cons-
tructed digital stabilizer is highly accurate in processing

external perturbations acting on a stabilized object.

1 LYY

Fig. 3. Transients in a closed stabilization system with
variable values of the variable parameters of the stabilizer
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HECTallioHapHOro 00'ekTa, 110 3a0e3nedye IHBAPIAHTHICT 3aMKHEHOI cuCTeMM crabimi3aiii mo aii 30BHIIIHIX 30ypeHb.
ITpoBeneHO MOpPiBHSIBHUI aHANI3 POSIIITHYTHX METOJIB 3 METOIO BUSIBJICHHS X IepeBar Ta HeJOMIKiB. SIK MpUKIIa po3rITHyTO
3aJa4dy IapaMeTpUYHOro CHHTEe3y LudpoBoro crabimizaropa kocMmiuHoro crymeHs CSM pakeru-Hocis «{ukinoH-3» B pamkax
IpOrpaMM MOJIEpHi3alil 3a3HadeHHX OO'€KTiB, CTBOpeHMX HanpukiHui 70-x pokiB o0'enqHanumu 3ycwuiamu daxisuis Kb
«[liBgenne» i HBO «Xaprpon», 110 MICTATh aHAIOrOBY CHCTEMY CTaliii3alii i eKCIUIyaTyHOThCA 10 TEHEpillIHbOro yacy.
3po6i1eHO BUCHOBOK IIPO JOLIIBHICTD 3aMiHM aHaioroBoro crabimizaropa crymeHs C5SM mudpoBuM cTabinizaTopoM 3 METOI0
MIiBUIIEHHS SIKOCTI Mpolecy cradimizamii CTymeHs Ha akTHBHIN AUISIHIN Tpaekropii momsory. [lokazano, mo ob6uasa
PO3IIISHYTHX B CTAaTTi METOAM IPU3BOIATH 1O CTBOPEHHS LM(poBOro crabinizaTopa, mo 3abesnedye 3HAYHE 3MEHILICHHS
CTaTUYHOI TIOMWJIKM 3aMKHYTOI I(POBOI cHCTeMH cradumizalii KOCMIYHOrO CTYIEHS PaKeTH-HOCIS Ta IiJIBHIICHHS SIKOCTI
nporecy cradiizamnii.

KawuoBi caoBa: mudpposuii crabinizarop; HecranioHapHUi 00'ekT cTabinizarii; iHBapiaHTHICTh CHCTEMH CTa0iIi3arii;
SKICTb IpoLiecy crabisi3alii; KOCMIYHMIA CTYIIHb paKeTH-HOCIS; TapaMeTpUYHUN CHHTe3 cTabinizaropa.

IMapamerpnyecknii cuHTE3 NUQPOBOro MHBAPHAHTHOIO CTA0MIN3aTOPA /Il HECTAIIMOHAPHOI0 00beKTa
E. E. Anekcannpos, T. E. Anekcanznposa, . B. Koctsaux

AnHOoTanmusa. PaccmaTpuBaloTcst 1Ba MeTo/a BBIOOpa 3HAYCHUH BapbUPYEMbIX IapaMeTpoB HU(POBOro crabmim3aropa
JUTSL HECTAIJHOHAPHOTO 00BEKTa, 00ECIIeUNBAIOIIEro HHBAPUAHTHOCTD 3aMKHYTOH CHCTEMBI CTAOMIIM3aLiH K ISHCTBHIO BHEITHIX
BO3MyIleHUH. [IpoBesieH cpaBHUTENbHBIN aHATIN3 PACCMOTPEHHBIX METOJIOB C LIENbIO BBISBIICHHS UX JJOCTOMHCTB M HEJOCTATKOB.
B kauecTBe npuMepa paccMOTpeHa 3a/1aua apaMeTpUUecKoro cuHTe3a nudposoro crabminsaropa kocMuueckoi crynenn CSM
paxetsi-HOocuTeNs «LIMKIIOH-3» B paMKax NporpaMMbl MOJEPHU3ALUH YKa3aHHBIX OOBEKTOB, CO3JaHHBIX B KOHIE 70-x TOIOB
oobeuHeHHBIMU  yerwusamu  crieranuctoB Kb «lOxnoe» m HIIO  «XapTpoH», cozpepKalimx aHAJIOrOBYIO CHCTEMY
CTaOMIM3alMy U SKCIUTYyaTHUPYIOIIUXCA O HAacTosAmero BpeMeHH. ClienaH BBIBOZA O 11€JI€CO00PA3HOCTH 3aMEHbl aHAJIOrOBOI'O
crabunmuzaropa cryneHn CSM mudpoBbIM CTaOMIM3aTOPOM C LIENbIO IOBBINIEHHS KauyecTBa CTaOMIM3MPYEeMOro Hpolecca
CTYIIEHH Ha aKTHBHOM y4acTKe TpaeKkropuu noiera. [lokazano, 4to o6a pacCMOTPEHHBIX B CTAThe METOJIA IPUBOMST K CO3/IaHHIO
1 poBoro crabunu3aropa, 0OECIEUUBAIOIIEI0 3HAUMTEIBHOE YMEHBILICHHE CTAaTHYECKOH OMIMOKM 3aMKHYTOH L(ppOBOi
CHCTEMBI CTaOMITM3alMH KOCMIUYECKON CTYIEHH! PaKeThI-HOCUTEINS U MOBBIIICHNE KauecTBa Mpoliecca CTaOmIn3amui.

KawueBbie caoBa: 1mppoBoil crabmin3arop; HECTALMOHAPHBIN OOBEKT CTaOWIN3alUK; WHBApUAHTHOCTH CHUCTEMBI
CTa0mWIn3alyy; KayecTBO CTAOWIM3UPYeMOro Ipolecca; KOCMHYECKas CTYIIEHb PAaKeTHI-HOCHUTENS; MapaMeTpHYecKHid CHHTE3
crabmimzaropa.
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