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THEOREM ABOUT THE CHANGE OF RESONANCE FREQUENCIES
OF VIBRATIONS OF MECHANICAL SYSTEMS WITH FRICTION

There are the insufficiently known phenomena, resulting in the operating damages of knots and details of machines, among
that most dangerous are a friction, wear, and dynamic tiredness. They behaves to the mechanical systems, the elements of
that are bound by inter se forces of dry friction, that is widely widespread in a technique, especially in the knots of contact
of elements with a friction. It results in the origin of new effects the account of that is needed for providing of increase of
reliability of work of machines and mechanisms. At the decision of practical tasks usually use the simplified charts that are
characterized the eventual number of degrees of freedom, although the real mechanical system has an endless large number
of degrees of freedom. The study of vibrations of the mechanical systems on such models allows to get basic conformities
to law of influence of interesting factors on dynamic descriptions of the system. In the theory of vibrations are of interest
research of questions of cooperation of forces of friction, operating in the system, and force vibrations. However paid
attention to the question of influence of forces of friction on the size of frequency of resonant vibrations of the mechanical
systems. Under the inlaid constructions we understand such, when one elements of construction are located into other and
here constrained inter se on opposite surfaces by forces of dry friction. The selection of class of the inlaid constructions,
among the nonlinear mechanical systems, requires the row of clarifications. Consists the feature of design of one mass
models of the inlaid constructions in that they have two degrees of freedom. It results in appearance at the inlaid
constructions of new properties, what and dedicated hired.
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systems; calculation charts; oscillating mechanical systems; nonlinear mechanical systems.

Formulation of the problem

One of the problems facing modern science is to
ensure the reliability of machines [1, 4]. Among many
phenomena that lead to operational damage to machine
components and components, friction, wear and
dynamic fatigue are the most dangerous. First of all, this
refers to mechanical systems, the elements of which are
interconnected by the forces of dry friction. Such
systems are widely used in engineering, especially in
the nodes of contacting elements with friction [2]. If the
contact of the body with the counter body occurs on
opposite surfaces (we call such constructions nested),
then this leads to the appearance of new effects, which
are necessary to ensure the increased reliability of
machines.

It is known that a real mechanical system has an
infinite number of degrees of freedom. However, when
solving practical problems, simplified schemes are
usually used, which are characterized by a finite number
of freedom degrees. In such calculation schemes, some
(the lightest) parts of the system are considered
completely devoid of mass and are represented in the
form of deformable inertia-free bonds, while the bodies
behind which the inertia property is retained in the
calculation scheme are considered material points [1].
The study of the oscillations of mechanical systems on
such models makes it possible to obtain the basic
regularities of the influence of the factors of interest on
the dynamic characteristics of the system.

A special place in the theory of oscillations is
given to investigations of the interaction of frictional
forces acting in the system and forced oscillations. At
the same time, this issue is mainly discussed in two
aspects: friction, as a source of self-oscillations and
oscillations, is a mechanism for controlling friction. As
a result, attention is not paid to the effect of friction

forces on the frequency of the resonant oscillations of
mechanical systems. This is connected, perhaps, with
the fact that this issue is considered resolved. However,
the selection of a class of embedded constructions
(among nonlinear mechanical systems) requires some
refinement.

Nested we will call the construction, some
elements of which are located inside the others and are
connected to each other on opposite surfaces by the
forces of dry friction, and the ratio of the maximum
tangential force spent on overcoming the bonds caused
by touching the elements when removing them from the
state of rest to the same load, which compresses the
touch elements, provided there is no connection
between them on opposite surfaces, greater than the true
coefficient of friction of rest.

Nested constructions correspond to a mechanical
model of a certain type. The peculiarity of the model
lies in the fact that the single-mass model of the
embedded construction has two degrees of freedom [2].
This leads to the appearance of new properties in nested
constructions.

The aim of the article is to determine the influence
of the frictional force on the magnitude of the
oscillation frequency of a mechanical system.

The Main material

Let us consider the effect of friction on the
frequency of free vibrations of a single-mass mechanical
system, which is a load of mass m suspended on a
spring in rigidity k, in parallel to which a damping
element with a damping coefficient C (Fig. 1). The
differential equation of cargo movement, as is known,
has the form [3-6]:

mx+cx+kx =0.

The solution of this equation is known:
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Fig. 1. The calculation scheme of a single-mass model
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of a mechanical system with one degree of freedom

Cr
x =e2m[Cjcos pt+C, cos pt],

here C;, C, are arbitrary constants; p is the
frequency of the natural oscillations.
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From the last equality it is seen that with
increasing resistance the frequency of the oscillations of
the load decreases, which is confirmed by experiments.

We apply the external force O () = Qy sinw t to
the load. Let us see how the increase in the damping
factor affects the value of the frequency of the
resonance oscillations of the load. The resonance in the
system will no longer occur when the ratio of the
frequency of the forced oscillations to the frequency of
the natural oscillations of the system without friction p
is equal to 1, but at lower frequencies, that is, the
maxima of the curves of the dynamical system
dependence on the ratio @ /p will be shifted to the left
of the value @/ p = 1 [6]. Thus, for the system under
consideration, an increase in the damping coefficient C
leads to a decrease in the value of the frequency of the
resonance oscillations of the load. The calculation of a
mechanical system consisting of »n masses and n
dampers is given in [7]. And in this case, an equal
increase in the damping coefficients in #» dampers leads
to a decrease in the magnitude of the frequency of the
resonance oscillations of the goods. A further increase
in damping leads to an end to the oscillatory movements
of the system.

From the definition of this nested construction, it
follows that the nested structures correspond to
mechanical models of a certain type. One of such
models with two degrees of freedom (with one mass and
one knot of friction) is shown in Fig 2. A feature of
nested constructions is the condition (s is the number of
damping elements, n is the number of degrees of
freedom).

Let us examine, in the general case, the
dependence of the natural frequencies of oscillations of
a mechanical system on the magnitude of the frictional
force. In this case, consider systems in which the
number of damping elements is equal (S = n), and less
number of degrees of freedom, which corresponds to
nested structures.
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Fig. 2. The calculation scheme of a single-mass mechanical
system with two degrees of freedom

Consider the oscillations of a mechanical system
consisting of two masses m; and m, (we take m; = m, =
m), connected with the base and each other by means of
elastic elements with stiffness k and damping elements
with a damping coefficient C (Fig. 3).

We apply to the masses an external force

O =0ysint.

The equations of oscillations of the system have
the form [6]:

. Kk ki +k q . .

X1 =—3X2 —(]—3))(] ——]xl +&SIHCOL
m m m m]

.. k k+k G . .

X 2=—3x1 —(1—3))6'2 ——Z.X'2 +&SIHCOL

my my my nmy

Analysis of the results of calculation of the
resonance frequencies of the oscillations of the system
under consideration as a function of the value of the
damping coefficient (with parameters m; =m, =m =
=1kg, k;=k;=k;=200n/m and -calculations of
many mass systems carried out using numerical
methods allow us to formulate the theorem on the
change in resonance frequencies of oscillations of
mechanical systems in the presence of friction.
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Fig. 3. Design diagram
of two-mass mechanical systems with dampers
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Theorem. Introduction to the mechanical system
with n degrees of freedom s of dissipative elements
leads to the fact that the resonant frequencies of the
newly formed system with respect to the system without
friction are located as follows:

where s = n
pk>pi (k=1,2...n);
where s <nfor nand (n-s)
degrees of freedom px < pi’ < Pi+1 (k = 1,...,n-1).

Evidence:

1. Consider a mechanical system in which the
number of damping elements is equal to the number of
degrees of freedom (n = s). The equation of motion in
the system has the form [8]:

MX +CX +S8X =0,

where M is the mass matrix; C is the damping matrix;
S is the matrix of rigidity.

It was shown in [6, 8] that in this case the with
equation of motion in normal coordinates will have the
form:

. . 2 .
X +2mx; + pTix; =q; i =123..n,

where 2n is the damping constant.

Each of the n equations is unrelated to all the
others. Therefore, the dynamic displacement is related
to the i-th form of oscillations.

The dynamic displacements corresponding to the i-
th form of the oscillations of the system, in the presence
of damping, are determined by the expression [6]:

1o sin p;t
2.

—n; Xo;
x; = e i (x; cos pyt +-0
i
The circular frequency with damped oscillations is
determined from the expression:

2 2
PJbi =\/Pi—”i =piNl=7i",

where p; is the circular frequency of undamped
oscillations; C; is the corresponding value of the
damping coefficient.

Thus, p; > pj.

2. Consider a mechanical system in which the
number of damping elements is less than the number of
degrees of freedom (n > s). Suppose that the 5; damping
element is converted into a rigid connection (C — o).
The coupling equation can be represented by the
expression [8]:

Angr + g+ Ay, =0

2 2 2 .
(an'l? a2 P —C--dy P —Cln)s

2 2 2 —q.
‘azl'l? —Cy1,apy - PT —Cpp.lyy - PT = Copy| =05

2 2 2
Al P —CulbAy2 P —Cp2-lpp " P —Cpy| -

The age-old control of the system after imposing a
connection on it will be obtained from the first secular
equation by deleting the first line and the first column in
it. According to the theorem on the separation of the
roots of the secular equation, the n-I roots of the p;* of
the coupled system are located between the roots of the
secular equation of the unrelated system.

Continuing similar arguments, and introducing
successively the following relations, we obtain
inequalities for the system after imposing all s bonds on
it, that iS,pk _<pks < Pk+1 (k =12.. i’l—])

Thus, depending on the ratio of n and s for the
same value of C, for each form of oscillation, two
values of the resonance frequency of the oscillations of
the mechanical system @, are possible, which converge
to the value of p; for C — 0. The plot of the resonance
frequency of the system's oscillations as a function of
damping factor for the calculation circuit (Fig. 3, with
parameters m; =my; =m = 1kg, k; =k, =k; =200 n / m)
is shown in Fig. 4.
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Fig. 4. Graph of the dependence
of the resonant frequency of the system
oscillations on the value of the damping coefficient

Conclusions

The properties of oscillatory systems formulated in
the theorem are revealed in numerical investigation and
can be generalized by the following provisions:

1) The steady-state oscillations occur with respect
to the position of stable equilibrium with the frequency
of the disturbing force.

2) If the frequency of the perturbing force is close
to one of the natural frequencies of the system, then the
amplitudes of the oscillations of all masses increase and
reach local maxima, the values of which depend on the
frictional forces.

3) Local extrema of the resonance curve for n = s
are attained at frequencies less than the natural
frequencies of the system.

4) Local extrema of the resonance curve n > s are
attained at frequencies not less than the natural
frequencies of the system.

5) In systems with small friction, the change in the
coefficient of friction at any place causes a change in
the resonance amplitudes of the oscillations: as the
friction increases, the amplitudes decrease. In systems
with high friction, it is possible to select a friction value
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at which the amplitude of the oscillations of a certain  can lead to the case when the frequency of the resonant
mass is minimal. The change in friction in the system oscillations is minimal.
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Teopema npo 3MiHy pe3OHAHCHHUX YaCTOT KOJUBAHb
MEXaHiYHHUX CHCTEeM NPH HAsBHOCTI TepTst

A. B. KoBryH, B. O. Tabynenko, O. B. [Tapxomuyk

IcHyrOTH MaJIOBHBYEHI SBHILA, 110 NPU3BOAATH 10 EKCIUTYaTALIHHUX MOMIKODKEHb BY3IIB Ta JeTallell MalluH, cepel] SKUX
HaiOIIBII HEOE3NeUHUMH € TepTs, 3HOC 1 AMHAMIYHa BTOMY. BOHHM BIJJHOCSTBCS JO MEXAHIYHHX CHCTEM, EJIEMEHTH SIKHUX
IOB'A3aHi MDK COOOI0 CHIIaMM CyXOro TepTsl, SKi IMPOKO MOLIMPEH] B TEXHIIl, 0COOIMBO y BY3JIaX KOHTAKTYBaHHS €JIEMEHTIB 3
TepTsiM. Lle Ipu3BOIUTE 10 BUHUKHEHHS HOBHX €()eKTiB, OOJIK SIKMX HEOOXITHWH Ui 3a0e3leueHHs! MiBHIIEHHS HaiHHOCTI
poboTn MamuH i MexaHi3MmiB. IIpy BUpIIICHHI NpPaKTUYHMX 3aBJaHb 3a3BHYail KOPHUCTYIOTHCS CHPOLICHUMM CXEMaMH, SKi
XapaKTepU3yIThCA KiHIEBUM YHCIOM CTYICHIB CBOOOIM, XO4a peajbHa MEXaHiYHA CHCT€Ma MA€ HECKIHYEHHY BEIMKE UYHCIIO
CTyHEHIiB cBoOOIM. BUBUCHHS KONMMBaHb MEXaHIYHMX CHUCTEM Ha TaKMX MOJENAX J03BOJISIE OTPUMATH OCHOBHI 3aKOHOMIPHOCTI
BIUIMBY I[IKaBJIATh YMHHUKIB HA JIMHAMI4HI XapaKTEPUCTHKU CUCTEMHU. B Teopil KOIMBAaHb CTAHOBIATH IHTEPEC NOCHIIKEHHS
IIUTaHb B3aEMOJIIT CHJI TEPTH, 11O AIIOTh B CUCTEMI, 1 BUMYIIIEHUX KonuBaHb. OfHAK HE NMPUJIIISETHCS YBara MUTAHHIO BIUIUBY CHII
TEpPTS Ha BEJIMYMHY YaCTOTH PE30HAHCHHUX KOJIMBaHb MEXaHIYHMX CHCTeM. BHUIiIeHHS Kiacy BKIAJEHHX KOHCTPYKIIH, cepen
HEJIHIMHUX MEXaHIYHUX CHCTEM, BUMAarae HU3KH yTOuHeHb. [1i/l BKIIaleHIMH KOHCTPYKLISIMU PO3YMi€MO TaKi, KOJIM OJHI €JIEMEHTH
KOHCTPYKIIii po3TalIoBaHi BCepeAnHI IHIIUX 1 PH 1IbOMY TIOB'I3aHi MiXk COOOO 110 IPOTHUIIEKHUX MOBEPXHAX CHIIAMH CyXOr'O TEpTSI.
Oco0nuBiCTh MOJIEIIOBAHHSA OHOMACOBOI MOJIE/EH BKJIAJCHUX KOHCTPYKIIH IOJSrae B TOMY, IO BOHM MAalOTh JBAa CTYIEHI
cBobou. Lle mpu3BOIUTE [0 NOABM Y BKJIAJICHUX KOHCTPYKLIH HOBUX BJIACTUBOCTEH, YOMY 1 IPHCBAYYETHCS JIaHa poOoTa.

Kar4dosi cioBa: MexaHiuHa cucTeMa; CTYNEHi CBOOOIY; BKJIAICHI KOHCTPYKIIIT; eKCIuTyaTaliiHi YIIKOIKEHHS; TepTs;
3HOIIYBAaHHS; AMHAMIYHI CHCTEMHM; PO3PAXyYHKOBI CXE€MH; KOJIUBAJIbHI MEXaHIuHI CUCTEMHU; HEJIiHIIiHI MEXaHiYHi CHCTEeMU.

Teopema 00 U3MEHEHUHU PE3OHAHCHBIX YACTOT KOJ1e0aHMii
MEXaHHYECKHUX CUCTEM NPH HAJINYUHN TPECHUS

A. B. KoBryH, B. A. Tabynenko, A. B. [Tapxomuyk

Cle_IeCTByl-OT MaJIOU3YUYCHHBIC SBJICHUSA, ITPUBOAAIIMNE K SKCIUTYaTallUOHHBIM ITOBPEKIACHUSAM Y3JIOB U Z[eTa.]'Ieﬁ MallliH,
Cpein KOTOPhBIX HanOoJIee OMaCHBIMH SIBJISIOTCS TPEHUEC, U3HOC U JUHAMHUYECKasl YyCTAJIOCTh. OHH OTHOCSTCS K MEXaHHYECKHM
CUCTEMAM, D3JIEMEHTBI KOTOPBIX CBA3aHbI MEXIY co0oi cumamu CyX0ro Tp€Hus, KOTOPBIC IIUPOKO paCHPOCTPAHCHBI B TEXHUKE,
0COOEHHO B y3J1aX KOHTAKTHPOBaHUS SJIEMEHTOB C TPCHUCM. C410) NpUBOAUT K BOBHUKHOBEHUIO HOBBIX 3(1)(1)GKTOB, yqu KOTOPBIX
HGO6XOZ[I/IM JUIsL oOecrieuyeHus TOBBIIIEHUS HaJAEKHOCTH pa6OTI>I MallvH U MEXaHU3MOB. HpI/I peuieHny NpakTUICCKUX 3a4ayq
0OBIYHO IIOJIB3YIOTCA yl'IpOHIéHHLIMI/I CXEMaMH, KOTOPBIC XapaKTCPU3YIOTCSI KOHCYHBIM YHCIOM CTeIeHel CBO6OI[I>I, XOTs
peajibHast MEXaHHU4YECKast CHUCTEMa UMEET OeCKOHEUHOe OOJIBIIOE YHCJIO  CTeleHei CBO6OI[LI. I/I3yquI/Ie KosebaHui
MEXAaHUYCCKUX CUCTEM Ha TaKUX MOJACIIAX ITO3BOJIACT IIOJTYYUTh OCHOBHBIC 3aKOHOMEPHOCTHU BJIMSAHUSA UHTEPECYIOLINX (baKTOpOB
Ha JUHAMHUYCECKHE XapaKTCPUCTHUKU CUCTEMBI. B TeOprUn KoseOaHui NPEACTAaBIAAIOT HHTEPEC HCCICA0BAHUE BOIIPOCOB
B3aHMOZ[eﬁCTBH5{ CUJI TpCHUH, L[eﬁCTBy[OHIHX B CHUCTEME, U BBIHYXJICHHBIX KoJie0aHuii. OI[HaKO HE YACIACTCd BHUMAaHUE
BOIIPOCY BJIMSIHUSL CUJI TPCHUS Ha BCJIIMYMHY YacCTOThl PE30HAHCHBIX KoJieOaHUil MEXaHHYECKHUX CHUCTEM. BBUIGJ'IGHI/IC KJiacca
BJIOXKCHHBIX KOHCprKLIHﬁ, cpean HEJIMHEWHBIX MEXaHHYECKHX CUCTEM, Tpe6yeT psaa yTO‘-IHeHHﬁ. HOI[ BJIOXKCHHBIMHA
KOHCTPYKIMSAMU ITOHMMAEM TaKHUE, KOrja OAHU 3JIEMEHTbI KOHCTPYKIHHU PACIIOJIOXKEHBI BHYTPHU APYrUX U IIPHU 3TOM CBSI3aHBI
MEXAY c000i1 1o TNIPOTHUBOIIOJIOKHBIM ITOBEPXHOCTAM CHJIaMHU CYXOIr'o TPEHMUSL. Oco0EHHOCTh MOACIIMPOBAHUS OAHOMACCOBBIX
Moz[eneﬁ BJIOXKCHHBIX KOHCprKI.IPII’I 3aKJIIO4YacTCA B TOM, YTO OHU UMCIOT JIBC CTCIICHU CBO6OI[LI. 10 NPpUBOAUT K IIOSIBJICHHUIO Y
BJIOXKCHHBIX KOHCprKI_II/Iﬁ HOBBIX CBOﬁCTB, YeMYy U IOCBALIACTCSA JaHHAs pa60Ta.

Kamo4deBble cJOBa: McXaHMYECKas CUCTEMA, CTCIICHU CBO6OZ[I>I; BJIOJ)KCHHBIC KOHCTPYKLHH; 3KCILUTyaTallMOHHBIC
TMOBPEXKACHUA; TPEHUE; HN3HOC, IAUHAMHUYCCKHUC CHUCTEMBI; paC‘-IéTHLIC CXEMBbI; KosiebaTeNIbHbIe MEXaHHYECKUE CUCTCMBI;
HEJIMHECWHBIC MEXaHUYECKUE CHCTEMBI.
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