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CLUSTER PACKING
OF CONCAVE NON-ORIENTED POLYHEDRA IN A CUBOID

The subject matter of the article is the solution of the problem of optimal packing of concave polyhedra in a cuboid of
minimal volume. The goal is to construct a mathematical model of the problem under consideration and to develop a
solution method. The task to be solved are: to develop tools for mathematical modeling of the interaction of two concave
non-oriented polyhedra; to construct a mathematical model of the problem of packing concave non-oriented polyhedra in a
cuboid of minimal volume; to investigate the peculiarities of the mathematical model; to develop an effective method of
solution and implement its software. The methods used are: the phi-function technique, the internal point method. The
following results are obtained. Using the phi-function for two convex non-oriented polyhedra, a phi-function for two
concave non-oriented polyhedra is constructed. On the basis of the phi-function, an exact mathematical model of the
packing problem for concave polyhedra that allow simultaneous continuous translations and rotations is constructed. The
mathematical model is represented as a non-linear programming problem. The properties of the constructed mathematical
model are analyzed and a multi-stage approach based on them is proposed, which makes it possible to obtain a good locally
optimal solution of the problem posed. Since working with polyhedra is an important to determine the optimal clustering of
two objects, one of the stages of the proposed approach is to solve the problem of pairwise clustering of polyhedra. A
numerical example demonstrating the effectiveness of the proposed approach is given. Conclusions. The scientific novelty
of the obtained results consists in the following: an exact mathematical model of the packing problem of concave non-
oriented polyhedra is constructed in the form of a nonlinear optimization problem and a multi-stage approach is proposed
that allows obtain a good locally optimal solution of the problem.
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Introduction

The 3D packing problems of concave polyhedra
have extensive engineering applications. For example,
as actual applications of the problems we can note the
following problems: the optimization of the 3D-printing
process in SLS technologies of additive production [1];
3D simulation of microstructures of different materials
(including nanomaterial’s) [2]. Also it has a wide
spectrum of applications in powder metallurgy, modern
biology, mineralogy, materials science, nanotechnology,
robotics, pattern recognition systems, control systems,
space apparatus control systems, aircraft construction,
civil engineering, etc.

It is well known that the 3D objects packing
problem is NP complex. Because of its NP complexity,
it is hard to be solved satisfactorily. So, to find their
approximate solution many research works use a wide
variety of techniques, including heuristics, traditional
optimization methods and different mixed approaches
which utilize heuristics and methods of non-linear
mathematical programming. The review of this methods
is given in [3].

In most works, orientation changes of 3D objects
either are not allowed or only discrete changes in the
orientation for given angles (45 or 90 degrees) are
permitted. In [4] authors propose HAPE3D algorithm
which can deal with arbitrarily shaped polyhedral which
may be rotated around each coordinate axis at four
different angles only.

Due to the difficulty of construction of adequate
mathematical models at present there are few works that
solve the 3D packing problems of concave provided that
continuous rotations of geometric objects are allowed.

The solutions of such problems are considered in
works [5-6].

This work is devoted to solving of the packing
problem of concave polytopes with continuous angles
rotations. Our approach is based on mathematical
modeling of relations between geometric objects
reducing the problem to a nonlinear programming one.
To this end we use the phi-function technique for
analytic description of objects interactions and objects
placements into a container taking into account
continuous rotations and translations.

Problem statement
and its mathematical model

Let there be concave
iel=1{1,2,..,n}, and a cuboid

polyhedra P,

1°

C:{X€R3,W] SXSWZ,Zl nglz,n] ngnz},

where wy,wy,l,[b,m; and m, are variables, i.e. a
vector £ = (w,wy,l,0h,m,M,) defines sizes of C.
The polyhedra P are a union of convex polyhedra
i

€
U Piel,
Pt ik

5
where polyhedra P, are given by vertices
— (] 2 3 . -
Pite = Piges Pk Pike)» 1€ 1, k€ Ky ={1,2,....8;5,
te Y}k = {1,2,...,pl-k} .

A location of polyhedra P in the Euclidean 3D

arithmetic space R® is defined by a translation vector
v; =(x;,¥;,z;) and rotation angles

0; =(¢;,v;,0;), iel.
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Thus, a motion vector
u; = (v,0,) = (%, 31,2, 4i, W, ©;)

gives the location of P, in R3.
Whence, a vector u = (uy,uy,...,uU,) € R®" defines

the location of P, iel, in R? and, consequently, a

complete set of variables makes up a vector
(u,C) = (uy,uy,....u,,C) € R™, where m=6n+6.

In what follows, polyhedra P translated by vector
v; and rotated by angles ¢;,y; and o, is denoted by
P(u;) and a cuboid C with variable sizes s is
designated as C().

Let Vi = Ny sVairsVair)s 7€ J; =11,2,..., 843, be
vertex coordinates of convex hull of 7. Then a location

of V. and py, in R® are defined by the relations
T
Vie i) = i () Vo (), Vi () = B Vige 915
iel,reJ;,
T .
Dit W) =R pys +vii,jel, keK; tely,

where R; is a rotation operator.
Then the following packing problem arises.

Basic problem. Find a vector ueR™ which
insures the arrangement F(y;), i</, without mutual

overlapping’s into a cuboid C({) so that the cuboid
volume H () will attain the minimal value.

Based on phi-functions (see [3,7]) a mathematical
model of the problem takes the form

HE ) =minH@G) st w,)eAcR™, (1)
where

A={u,l)eR" 1@ (uju;)20,i< jel,
®;(4;,0) > 0,i € 1, F(C) > 0};

H(C) = (wy —w)(lh =)y —my)s

F(Q) = min {w, —wy,l, —=f;,ny =y},

)

®; (u;,0) = min{¢;, (;,8),0 € 0, ={1,2,...,6},
reJ;},

0 (U, Q) = Vg (1) = Wi, 072 (7, §) = wy = P (),

073 (U7, §) = Vajp () = Iy, &4 (4, §) = Iy = Vo (),

brs (U7, 0) = Vaip () =M1 76 (1, 6) = My = V340 (1)
Here the inequality ®; (u;,u;)=0 insures non-

overlapping P,

; and P;, the inequality ®;(x;,C)=0
provides a containment of P into C({) i.e. ®;(y;,E) is

the phi-function for £ and

B(C) = R*\int C()

where int C(§) is the interior of C .

<

P=UP

lS]lS »

=, sek;, rek;. This

e
J
Since and Pj = L:Jl Pjp then

ENP =@ if B b,

means that
o (ui,uj) = min{@?lp (ui,uj),s ekK;,pe Kj} ,

where Q)iSIP (uj,u 1') is the phi-function for P, and

condition if fulfilled

Hence, if the following

min{d)flp(ui,uj),s €K;,pekK;}=>0.

Clustering of polyhedra

In order to obtain starting point for the problem
(1)-(2) the following step by steps procedure is offered.
Firstly polyhedra are in pair packed into clusters to be
cuboids and spheres of the minimal volumes. Next the
cuboids and spheres are placed into a cuboid of the
minimal volume. Then having taken the polyhedra
instead of cuboids and spheres packed into the cuboid
we pack the polyhedra into a cuboid of the minimal
volume.

Let P

1
which contains /;, identical polyhedra. We cluster in

iel, consists of k£ groups each from

pairs P,

y» i€l, into cuboids QO of the minimal

volumes le, i<jeK={l1,2,..k}. To this end we

solve the problems

DS = H;(%)=min H(G),

16 (3)
S.t. (ul-,uj,Q)er- cR?®, i<jel,
where
@, (1:,5) 2 0,8 ; (u;,8) > 0, F(£) > 0},
The inequality

insures inth; NintP; =& and ®;(u;,0) 20 guarantees
placement of £ within Cj;(C).

After that we cluster in pairs P, into

7, iel,

spheres  S;  of the minimal volumes Dg ,
i<jeK={1,2,..k}. Then we solve the problems
4 .

Dl-‘f- =—mmin Rl-31- R

16 . .
s.t.(ul-,uj,Rl-l-)ercR ,i<jel,
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where
_ 16 .
Dy (up,u ;) 20, D;(u, Ry;) 20, (6)
The inequality
insures
intF; NintP; =
and

; (u;,0) =

_ 2 2 2 52

= (N )™ + (V- ()™ + (V33 (1)) = Rjj 20,
guarantees placement of £ within S;;(R;) (10).

Note that local extrema of the problems (3)-(4) and
(5)-(6) are calculated in the same way as a local
minimum point of the problem (1)-(2). For local
optimization we  used the IPOPT  code
(https://projects.coin-or.org/Ipopt).

Let P, iel, consists of k& groups each from
which contains /; identical polyhedra. We construct
clusters pack in pairs P, i€/, into cuboids on of the

minimal volumes D;;, i< je K ={1,2,..k}.

ij>
Now we compute

C C
8 =(D; +D;)/ Dy

and
8y =(D;+D;)/ Dy,
i<jeK=1{1,2,.k},
and find
8y, = max{8;,57,i < j e K}.

If 8, = 85 then we generate identical cuboids

0; =0y i=1,2,kyy = min{ly, 1}

In addition, if kg, =/,
s(p)from K.
If kg, =I; =1, then we omit s and p from K. If

(ksp =] ») then we exclude

dp = 85 then we generate identical spheres

S; =S i=1,2,ky, = min{l,, 1}

In addition, if kg, =1, (kg =/, then we exclude
s(p)from K.
If kg, =I; =1, then we omit s and p from K.

After that we define
_ C S - .
8” = maX{5U . 81}’1 < J € K\{;\’Sp}} ,
where either A,
so on until K is exhausted.
As a result sets of cuboids C;, i=1,2,...,1, and

=s or Ay, =p or Ly, ={s,p} and

spheres  S; i=1+p,2+ 1, W=H +ly, are
formed. For the sake of convenience we rename

C.

1°

i=1,2,..,1,
and spheres
Spy =142+ fyses W= 1y + 1,
as Q;, ieM={1,2,..,u}.
Thus each cluster Q; contains pair of polyhedra

73 and £, with placement parameters u]fl and ullc

with respect to the local coordinate system of Q;. Next
we solve a packing problem of Q;, ieM, into a
cuboid C of the minimal volume. We suppose that a

location of cluster Q; in R is defined by a vector

_ _ 6 .
y/ _(UjsE.;j)_(x]jsy]jszljsa]jsajZSE.;j3)eR 5 JEM

Then a mathematical model of the packing
problem has the form

HE)=min HQ), s.t.(7,0)e QRO (7)
where

Q={(,0) e RO Dy (y,,y,)20,i<jeM,
®;(1;,0)20,i T, F(G)20}.

®)

The inequality

@;(v;,7;)20
insures

guarantees placement of O; within C({).

Searching for an approximation to a global
minimum point of the problem is realized by methods
which are presented in the papers [8, 9].

Let (YO,CO) e RS be an approximation to a
global minimum point of the problem (7)-(8). To the

point (yo,Qo) there corresponds the arrangement of
clusters O; (y?), ie M into the cuboid C(¢") and each
cluster contains a pair of polyhedra Pki and P’i with

Cx*

placement parameters u, " and ulc* . It permits to take
4 4

appropriate polyhedra P, i</, instead of clusters 0,

ieM, and form a starting point (uO,QO) = (uO,Q*) for
the problem (1)-(2).
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Construction of the point is executed by the special
problem that called “inverse rotation”.

Multistage solution approach

A solution strategy (3D MultiStage Approach (3D-
MSA)) can be described by the following stages.

1. Pack in pair polyhedra P, i<, into cuboids
Ci9 12{19299”’1}9
i=1+p,2+,..,u=1 +L,, of minimum volumes.

and spheres S;

1

For optimal clustering of two polyhedrons also we can
apply quasi phi-function technique. This approach
presented in [10].

2. Cover polyhedra P,

1

by spheres S;, with

centers v;, ie€l; cover convex polyhedra P, by

spheres  S;; of minimal radius p’ and centers

L
Vi = (. 0525) 5 iel, kek;.
3. Solve the packing problem of cluster 0,
ieM={1,2,..,u}. Wherein, if o,
ieM={1,2,..,u} is set of cuboids C; then we solve

packing problem of parallelepipeds with the feasibility
of changing their orthogonal orientation [8]. And if Q;,

ieM={1,2,..,u} isset of cuboids C; and spheres S;
then we solve packing problem of cuboids and spheres
using approach proposed in [9]. As a result we obtain
local minimum point (y°,£%) e ROV

4. Replace clusters Q;, i € M, with corresponding
polyhedra P, iel. In order to form a starting point
(uO,CO) for the problem (1)-(2) we solve n auxiliary
non-linear optimization problems (“inverse rotation”) to

define vector u° based on yo . As a result we derive a
point (u°,c%) e ROV
(YO,QO) c R6(}’l+1) .

on the ground of the point

5. Fix 6° and find a local minimum point X* of
the problem

HE")=minH() s.t. X €Qc RO )
where

0={X=(n0)eR" :d,(v,v,)20,i< el
®;(v;,0)20,i € [,F(§)>0}.

(10)

As a starting point of problem (9)-(10) we take
point (vO,CO). Since rotation angles are fixed then
inequality sysytem (10) is linear.

6. Form a starting point (uO,C0)=(v*,90,Q*),
and calculate a local minimum point (u(’*,qo*) of the
problem (1)-(2).

Numerical results

Here presented an example that demonstrates the
efficiency of proposed methodology.

We have run our experiments on an Intel Core IS5
750 computer and for local optimisation we used the
IPOPT code (https://projects.coin-or.org/Ipopt).

We consider the collection of polytopes of
example 1 given in [4]. In fig. 1 depicted five types of
polyhedrons that need to pack.

LAIX AN

Fig. 1. Five types of polyhedrons

Figure 2 presents clusters O; used for solving
problem (7)-(8).

"L

Fig. 2. Clusters Q;

Fig. 3 shows the results obtained on each stage of
3D-MSA of optimal placement of 36 polyhedrons. The

container has volume H" =10720 .

H=14005 l

Fig. 3. Solution stages of 3D-MSA
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As shown in table 1, the 3D-MSA allows us to  significantly improved by 14%. At the same time, the

reduce the container volume. The packing efficiency is  solution time is less by 60%.

Table 1. Comparison of HAPE3D and 3D-MSA

HAPE3D 3D-MSA
H* 12480 10720
Time (5) 9637 3789

layout
. local extrema and searching for of "approximations"
Conclusions to global extrema.
The paper presents an exact mathematical model Iterative processes being used to solve the problem
of packing optimization problem of concave polyhedra ~ can be easily parallelized.
which are allowed both translations and continuous Numerical results above have shown effectively of
rotations. solution approach offered when tackling optimization

The phi-functions enable us to apply state-of-the 3D packing problems.

art methods of nonlinear optimization on all solution Optimization approaches worked out in the paper
stages of the problem (1)-(2) including the can be used for solving other packing optimization
construction of starting points, the calculation of problems.

10.
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Kiacrepna ynmakoBka HeoNnyKJIMX HEOPi€HTOBAHUX 0araTOrpaHHMKIB y Ky0ois
A. M. Yyraij, 1O. €. Crosn

IIpeqveTom BUBYEHHS Y CTATTi € pO3B’s3aHHA 3aJa4i ONTUMAIBHOI YIaKOBKM HEOIYKIIMX 0araTOrpaHHUKIB y NPSAMUM
napasenenines MiHiManbHOro 00°’emy. MeTol € moOynoBa MaTeMaTHYHOI Mojeni HaHoi 3agadi i po3poOka MeTomy
po3p’si3aHHA. 3amadi: po3poOHTH 3aco0M MaTeMaTHYHOrO MOJETIOBAaHHS B3a€MOIil JIBOX HEONYKIUX HEOPi€HTOBAHUX
GaraTorpaHHUKIB; 1OOYJyBaTH MaTeMAaTHYHY MOJENb 3aj]adi yHaKyBaHHS HEONYKIMX HEOPIEHTOBAHHX OaraTOrpaHHUKIB B
Ky0oia MiHiMaJIbHOTO 00’€My; JOCTIJUTH OCOOIMBOCTI MAaTEeMAaTHYHOI MOJeNi; po3poOuTH e(heKTUBHUM METOM PO3B’A3aHHS 1
BUKOHATH HOro NpOorpamHy peaiisaiito. BukopucroByBanuMu merogamu €: Meto] phi-pyHKIiH, MeTo BHYTPILIHBOI TOYKH.
OtpumaHi HacTynHi pe3yJbTaTH. BukopucroByroun phi-QyHKIi0 I JBOX ONYKIMX HEOPI€EHTOBaHMX OaraTorpaHHHUKIB,
noOynoBana phi-QyHKIist Ul 1BOX HEONYKJIMX HEOpi€eHTOBaHMX OaraTorpaHHukiB. Ha ocHoBi wi€i phi-¢yHkuii noGynosana
TOYHA MaTEeMaTHYHAa MOJENb 3a/laui YNAaKOBKM HEOIYKJIMX OaraTOrpaHHMKIB, IO JONYCKalOTh OJHOYACHO Oe3IepepBHi
TpaHclALii Ta MOBOPOTH. MareMaTH4yHa MOJEIb IPEACTAaBI€Ha Yy BUIVIAAI 3ajadui  HENiHIHHONO HpOrpaMyBaHHS.
[IpoanaiizoBaHo BJIACTUBOCTI MOOYHOBaHOI MaTeMaTHYHOI MOJEJ i Ha IX OCHOBI 3alpONOHOBAHHN OaraToeTamHU IMiaXil,
IO AO3BONSE OTPHMATH TapHUI JIOKAJIBHO ONTHMAJIbHUH PpO3B’SA30K mocTaBieHol 3ajgadi. Ockinbku npu poboTi 3
GaraTorpaHHMKaMH Ba)KIMBOIO 3aJa4yel0 € BU3HAUYEHHs ONTUMAaIbHOI KiacTepu3auii IBOX 00'€KTiB, TO OJHHUM 3 €TaliB
3aIlpONIOHOBAHOTO IiXOLY € PO3B’sA3aHHA 3ajaui momnapHoi Kiacrepusanii OararorpaHHukiB. HaBopuTbes umcenbHHI
NpUKIA], SKUH JEMOHCTpYye e(EeKTHUBHICTb 3alpONOHOBAHOrO minaxoay. BucHoBku. HaykoBa HOBH3HA OTpHUMaHHMX
PE3yJbTaTiB MONArae B HACTYITHOMY: 100y10BaHA TOYHA MaTeMaTH4HA MOJIEJb 33/1aui YIaKOBKH HEOITYKJINX HEOPiEHTOBAHHX
OaraTorpaHHHKIB y BHIJII 3ajadi HeJNiHIMHOI onTHMizamii Ta 3amponOHOBaHMK OaraToeTalmHWi IiIXiJ, IO JO3BOJSE
OTPUMATH rapHe JIOKJIbHO ONTHMAJIbHUI PO3B’A30K OCTaBICHOI 3a1adi.

Karo4doBi ciaoBa: kiactepHa yriakoBKa; HEOIYKJIl OaraTorpaHHUKH; Oe3riepepBHe 00OepTaHHs; HelliHiHa OnTHMI3alLisL.

Knacrepnasi ynakoBKa HeBBIMYKJIBIX HEOPHEHTHPOBAHHBIX MHOTOTPAHHUKOB B Ky0oHn I
A. M. Yyraij, 1O. E. Crosn

IIpeameTomM u3ydeHHs B CTaThe SBIIACTCHA PEIICHHE 33Jaud ONTHMAJIbHOW YIAKOBKM HEBBIIMYKJIBIX MHOTOIDAaHHUKOB B
HpsIMOI MapajIeNenunesl MUHUMaibHOro oobema. Ilebio sBIIseTcsl MOCTPOSHHE MaTeMaTHIeCKO MOZIENIN paccMaTpHBaeMon
3a7aud U paszpaboTka MeToja peleHus. 3aga4ym: paszpaboraTb CpeicTBa MATEMATHYECKOr0 MOJEIUPOBAHUS B3aUMOICHCTBUS
JIBYX HEBBIIYKJIBIX HEOPUCHTHPOBAHHBIX MHOIOIPAHHUKOB; IIOCTPOMTH MATEMAaTHYECKyld MOJeNIb 3a/aud  YIaKOBKU
HEBBIIYKJIBIX HEOPUEHTHPOBAHHBIX MHOTOIDAHHHMKOB B KyOOMJ MHHHUMAJIBHOrO 00bEMa; HCCIeNoBaTh OCOOEHHOCTH
MaTeMaTHYeCKOH Mozenu; pa3padorarth 3(P(EKTUBHBIH METOJ PELICHHS M BBINOJIHUTH €ro IMPOrPAMMHYIO pPeall3aluio.
Hcnonb3yeMbIMU MeTOZAMU sBIISIOTCSA: MeTo[ phi-QyHKimit, MeTon BHyTpeHHel Touku. [TonydeHsl cienyrolye pe3yabTaThl.
Hcnonb3ys  phi-QyHKIMIO UL JBYX BBIMYKIBIX HEOPHEHTHPOBAHHBIX MHOTOIDAHHUKOB, IOCTpoeHa phi-QyHKIMS U IBYX
HEBBIITYKJIBIX HEOPUEHTHPOBAHHBIX MHOrOrpaHHukoB. Ha ocHoBaHuu 3T10# phi-yHKIMM ITOCTpOEHA TOYHAs MaTeMaTHyYecKas
MOJZieNIb 337]a4d YIAKOBKHM HEBBIINYKJIBIX MHOTOIPAHHUKOB, IOIMYCKAIOUIMX OJHOBPEMEHHO HENpPEpbIBHbIE TPAHCIALUM U
MOBOPOTHI. MaremaTuueckass MOJEIb INPEJCTaBIeHa B BHUIE 3a/a4d HEJIUHEHHOro NporpaMMupoBanus. IIpoaHaln3upoBaHbI
CBOWCTBA IOCTPOCHHONH MaTeMaTHYECKOI MOZICJIN U HA UX OCHOBE NPEJIOKEH MHOIO3TAITHBIN MO/IXO0/I, TI03BOJISIOLINIT OIYIUTh
XOpolllee JIOKAJIbHO ONTHMAlIbHOE pEIeHHEe IOCTAaBIEHHOH 3agauu. Ilockonbky mpu pabore ¢ MHOrOrpaHHMKaMU BajkKHOM
3aj1aueii SIBIACTCS ONpe/ieNICHHe ONTUMAIBHON KJIaCTepU3alluK JIBYX OOBEKTOB, TO OAHMM U3 3TAIOB IPEIJIOXKEHHOrO M0AX0/a
SBJISICTCS PEICHHUE 3a/1aukl [IOIaPHOK KIIacTepH3allii MHOIOIPAaHHUKOB. [IpUBOAMTCS YMCIIEHHBIH IpUMeED, AEMOHCTPHUPYIOLIMI
3} dexTuBHOCTh NpeaIoXKeHHOro noaxona. BeiBoabl. HayuHas HOBH3HA HOIMY4eHHBIX pE3YIBTATOB COCTOMT B CIICAYHOIIEM:
[OCTPOEHA TOYHAs MaTEeMaTH4ecKas MOJEJNb 3aJ[a4M YIAaKOBKH HEBBIIYKIIBIX HEOPHEHTHPOBAHHBIX MHOIOIDAHHHUKOB B BHJIE
3a7aud HEJIMHEHHOW ONTUMM3ALUM U MPEJIOKEH MHOIOITAIHBIM II0AXOJ, IO3BOIAIONIMI MHOIYYUTh XOpOLIEE JIOKAIBHO
ONTHMAJILHOE PEIEHUE TIOCTABIEHHOM 3a1aun.

KawueBnle cioBa: KJIaCT€pHas YIAKOBKa; HEBBIIYKJIbIE MHOIOIPAaHHUKHU; HEIPCPBIBHOC BPAILLCHHUEC, HEJIMHCHHAsI
OIITUMU3ALIUA.
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